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Abstract
We study the radial quantization of the 3d O(N) vector model. We calculate the
higher spin charges whose commutation relations give the higher spin algebra. The
Fock states of higher spin gravity in AdS4 are realized as the states in the 3d CFT. The
inner products between these states encode dynamical information. The construction
of bulk operators from CFT is discussed as well. This serves as the simplest explicit
demonstration of the CFT definition for the quantum gravity.
1 Introduction
Higher spin gauge theory in AdS was conjectured to be dual to the free CFT [1, 2]. In [3],
it was further proved that imposing the higher spin symmetry makes the CFT free. Due to
the higher spin symmetry, the two sides of the duality are easy to approach. On CFT side,
the free theory is totally solvable and so, the N-point correlation functions for conserved
currents can be calculated directly [4, 5]. On gauge theory side, higher spin symmetry also
makes it possible to get the exact correlators from the bulk Vasiliev theory [4]-[7].
Aside from the identification of the correlation functions, another manifestation of the
AdS/CFT duality is the state correspondence [8]. In most AdS/CFT examples, the dual
CFT is interacting, for which, it is difficult to construct the states corresponding to the
Fock states of the AdS theory. For the higher spin/vector model duality, the CFT is free,
making it possible to do a complete radial quantization to get the states and charges which
are supposed to be in one-to-one correspondence with the states and charges in the higher
spin gravity. In this sense, CFT gives a definition of the quantum higher spin gravity in
AdS. A consistent interacting theory for the non-Abelian higher spin gauge theory in AdS
has been developed in [9]-[14], but the quantization of the theory is still an open problem.
With the higher spin gravity quantized, we can then compare the gauge theory results with
the CFT predictions.
The higher spin gauge theory is most elegantly formulated in the fame-like formalism with
fields taking values in the higher spin algebra [15, 16]. However, it is the totally symmetric
traceless tensors hi1···is that have the operator correspondence in CFT. As a result, CFT can
only give a definition of the higher spin gauge theory in the metric-like formalism [17, 18].
Moreover, the CFT realization of the higher spin gravity states automatically obeys some
kind of “Coulomb gauge”. Therefore, to make the comparison between the two sides of
the duality, it is also necessary to quantize the higher spin gravity in “Coulomb gauge”.
Since the gauge condition is intrinsically imposed in CFT, the constructed states are all
physical without the redundant degrees of freedom to remove. Also, since the local gauge
symmetry does not exist anymore, the subtleties of the quantum gravity coming from the
diffeomorphism invariance do not arise in its CFT definition. The conclusion also holds for
the generic AdS/CFT correspondence without the higher spin symmetry.
In the free O(N) vector model, one can use the higher spin charges and their com-
mutators to get the higher spin algebra. The higher spin charges have a simple oscillator
expression
∑
a+a. We compute two sets of charges P sµ1···µn and K
s
µ1···µn
explicitly, which are
the higher spin generalizations of the translation generator P 2µ = Pµ, the special conformal
transformation generator K2µ = Kµ, and the dilaton D = P
2 = K2. Ksµ1···µn = −(P sµ1···µn)+.
{P sµ1···µn |s = 2, 4, · · · ;n = 0, 1, · · · , s− 1} and {Ksµ1···µn |s = 2, 4, · · · ;n = 0, 1, · · · , s − 1} are
two subalgebras of the higher spin algebra.
Single and the multiple particle states are all constructed, composing the complete Fock
space for the non-perturbative higher spin gravity in AdS4. The 1-particle Hilbert space of
the higher spin gravity forms the irreducible representation of the higher spin algebra. The
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generalized Flato-Fronsdal theorem is re-proved inAdSD+1. Since the CFT is free, states with
the different numbers of the particles are orthogonal to each other. Single particle states with
the different spins are also orthogonal to each other, which is traced to the SO(3, 2) symmetry
in AdS and CFT. The inner products for the multi-particle states encode the dynamical
information. For example, the spin 0 + spin 0 ←→ spin 0 + spin 2, spin 4 + spin 0 ←→
spin 2 + spin 2 spin changing processes can happen with the 1/N suppression, indicating
that the dual AdS theory is not free with the coupling constant g ∼ 1/√N .
With the CFT given, it is natural to ask aside from the charges, the spectrum and
the corresponding states, whether there is more information about the AdS, like the bulk
operators, that can be extracted from CFT. The topic has been intensively discussed in
the literatures, see, for example, [26]-[38]. We will add more comments. For the AdS
theory, let Φ(x, ρ) be a set of operators in AdS. Φ(x, pi/2) are operators in ∂AdS. The
SO(3, 2) transformation law for Φ(x, pi/2) is the same as the conformal transformation law
of the primary operators O(x) in CFT with the definite conformal dimension. So with the
conformal generators in CFT identified with the so(3, 2) generators in AdS, O(x) could be
taken as the boundary limit of some AdS operators. Usually, with a bulk operator Φ(o)
given, {gΦ(o)g−1|g ∈ SO(3, 2)} could give the whole set of operators in AdS. However, this
does not hold for the boundary operators. {gΦ(b)g−1|g ∈ SO(3, 2)} for b ∈ ∂AdS only
gives operators in the boundary. As a result, two set of AdS operators may have the same
boundary value, i.e.
{Φ(x, ρ)|(x, ρ) ∈ AdS4} 6= {Φ′(x, ρ)|(x, ρ) ∈ AdS4}, (1)
but
{Φ(x, ρ)|(x, ρ) ∈ ∂AdS4} = {Φ′(x, ρ)|(x, ρ) ∈ ∂AdS4}. (2)
Especially, with the boundary Φ(x, pi/2) given, one can always find a consistent bulk exten-
sion Φf (x, ρ) by solving the free field equation with Φ(x, pi/2) the boundary value. So, the
bulk extension of O(x) is not unique. We are interested in the Heisenberg operators Ψ(x, ρ)
for fields in AdS theory. Even if O(x) could be taken as the boundary limit of Ψ(x, ρ), the
CFT data is not enough to determine the bulk Ψ(x, ρ). We may get Of(x, ρ) by solving the
free field equation, but obviously, Of(x, ρ) 6= Ψ(x, ρ) unless the theory is free. In principle,
once a single bulk Ψ(o) gets the CFT realization, the action of SO(3, 2) will then offer the
whole set of Ψ(x, ρ) in CFT. However, it is not quite clear which operator in CFT should be
identified with Ψ(o). The requirement of [Kµ− iPµ,Ψ(o)] = 0 and −i[Mµν ,Ψ(o)] = ΣµνΨ(o)
could guarantee that Ψ(o) is an operator in the bulk with the spin s, but is far from enough
to uniquely fix it.
Nevertheless, in AdS theory, aside from Ψ(x, ρ), the other interesting operators are a+ω,j;λ,s
and Φ+λ,s(x, ρ), which are the operators creating the physical particles of the type (λ, s) in
momentum space and AdS. Let a+λ,s;λ,s be the lowest energy operator with [Kµ, a
+
λ,s;λ,s] =
0 and [H, a+λ,s;λ,s] = −iλa+λ,s;λ,s, {ga+λ,s;λ,sg−1|g ∈ SO(3, 2)} gives Φ+λ,s(x, pi/2). The bulk
extension Φ+λ,s(x, ρ) can be obtained by solving the free field equation as is required by the
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SO(3, 2) symmetry. In CFT, we have O+λ,s(0) = a
+
λ,s;λ,s, from which, one may get the CFT
realization of Φ+λ,s(x, ρ) = O
+
λ,s(x, ρ). To calculate the transition amplitude for physical
particles, Φ+λ,s(x, ρ) is enough. In fact, in a non-perturbative treatment of the theory in AdS,
we start from Ψ(x, ρ) for bare fields but still end up with Φ+λ,s(x, ρ), since it is Φ
+
λ,s(x, ρ) that
is directly related with the observation. In this sense, CFT can indeed provide the complete
physical dynamical information in AdS.
The rest of the paper is organized as follows. In section 2, we discuss the radial quan-
tization of the 3d free O(N) vector model; in section 3, the so(3, 2) generators of the CFT
are calculated; in section 4, the higher spin charges are computed, while the corresponding
higher spin algebra is considered; in section 5, the one-to-one correspondence between the
Hilbert space of the 3d CFT and the quantum higher spin gravity in AdS4 is constructed; in
section 6, we discussed the possibility to get the bulk operators from CFT; the conclusion is
in section 7.
2 The radial quantization of the 3d O(N) vector model
The action of the free scalar field theory with the O(N) symmetry in 3d is
S =
∫
d3x ∂µφ∂
µφ, (3)
where φ are N real scalars in the fundamental representation of O(N). The field equation is
∂2φ = 0. (4)
With x1 replaced by ix1, we get the theory in Euclidean space. In spherical coordinate,
(x1, x2, x3)→ (r, θ, ϕ), where r2 = x21 + x22 + x33. Also, nµ = xµ/r with
n1 = cos θ, n2 = sin θ cosϕ, n3 = sin θ sinϕ. (5)
Introducing the dimensionless field χ = r
1
2φ,1 The solution can be expanded as [39]
χ(r, θ, ϕ) =
∑
l≥0,−l≤m≤l
[al,m
r−(l+
1
2
)
√
2l + 1
Y ∗l,m(θ, ϕ) + a
+
l,m
rl+
1
2√
2l + 1
Yl,m(θ, ϕ)] , (6)
χ+(r, θ, ϕ) = χ(
1
r
, θ, ϕ). (7)
Let r = eit with t the proper time, (6) becomes [39]
χ(r, θ, ϕ) =
∑
l≥0,−l≤m≤l
[al,m
e−i(l+
1
2
)t
√
2l + 1
Y ∗l,m(θ, ϕ) + a
+
l,m
ei(l+
1
2
)t
√
2l + 1
Yl,m(θ, ϕ)] , (8)
1In 2d, χ = φ; in 4d, χ = rφ.
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with al,m = [a
+
l,m]
+.
Note that
Yi1i2···il =
xi1xi2 · · ·xil − traces
rl
, (9)
χ can also be expanded as
χ(r, θ, ϕ) =
∑
[ai1i2···il
r−(l+
1
2
)
√
2l + 1
Yi1i2···il + a
+
i1i2···il
rl+
1
2√
2l + 1
Yi1i2···il]. (10)
Correspondingly,
φ(r, θ, ϕ) =
∑
[ai1i2···il
r−(l+1)√
2l + 1
Yi1i2···il + a
+
i1i2···il
rl√
2l + 1
Yi1i2···il ]. (11)
ai1i2···il and a
+
i1i2···il
are traceless totally symmetric operators encoding 2l+ 1 degrees of free-
dom, the same as alm and a
+
lm.
If
Yi1i2···il(nµ) =
∑
m
f l,mi1i2···ilYl,m(θ, ϕ), (12)
there will be
a+l,m =
∑
f l,mi1i2···ila
+
i1i2···il
, (13)
al,m =
∑
(f l,mi1i2···il)
∗ai1i2···il. (14)
If
a+i1i2···il =
∑
m
gl,mi1i2···ila
+
l,m, (15)
ai1i2···il =
∑
m
(gl,mi1i2···il)
∗al,m, (16)
we may have ∑
f l,mi1i2···ilg
l,m′
i1i2···il
= δm,m′ . (17)
Also, there are
[akl,m, a
+k′
l′,m′] = δl,l′δm,m′δk,k′, (18)
[aki1···il, a
+k′
j1···jl
] = δk,k′
∑
m
(gl,mi1i2···il)
∗gl,mi1i2···il, (19)
where k, k′ = 1, · · · , N are color indices. Let∫
S2
dΩ Yi1···il(nµ)Yj1···jl(nµ) =
∑
m
f l,mi1···il(f
l,m
j1···jl
)∗ = Ni1···il; j1···jl. (20)
a+j1···jl is traceless, so
Nj1···jl; i1···ila
+
j1···jl
=
∫
S2
dΩ (nj1 · · ·njlni1 · · ·nil)a+j1···jl
=
l!
(2l + 1)!!
a+i1···il =
∑
m
(f l,mi1···il)
∗a+l,m
=
∑
m
l!
(2l + 1)!!
gl,mi1···ila
+
l,m. (21)
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f l,mi1···il =
l!
(2l + 1)!!
(gl,mi1···il)
∗. (22)
As a result,
[aki1···il, a
+k′
j1···jl
] = [
(2l + 1)!!
l!
]2Ni1···il; j1···jlδk,k′, (23)
which is the equation we will frequently use in later calculations.
3 The conformal group generators in 3d CFT
For the 3d free scalar field theory, the traceless totally symmetric conserved stress tensor is
T µν =
1
4
[
3
2
(∂µφ∂νφ+ ∂νφ∂µφ)− δµν∂αφ∂αφ− 1
2
(φ∂µ∂νφ+ ∂µ∂νφφ)]. (24)
The SO(3, 2) conformal group is generated by operators {D,P µ, Kµ,Mµν}. In radial quan-
tization, these operators are given by [39]
D = i
∫
S2
dΩ nµnνT
µν(1, θ, ϕ) (25)
P µ = i
∫
S2
dΩ nνT
µν(1, θ, ϕ) (26)
Kµ = i
∫
S2
dΩ [2nµnρnσT
ρσ(1, θ, ϕ)− nνT µν(1, θ, ϕ)] (27)
Mµν = i
∫
S2
dΩ [nµnσT
νσ(1, θ, ϕ)− nνnσT µσ(1, θ, ϕ)], (28)
satisfying
D+ = −D, (P µ)+ = −Kµ, (Kµ)+ = −P µ, (Mµν)+ = Mµν . (29)
The Hamilton operator is H = iD.
As shown in Appendix A, with (11) plugged in, we obtain
D = −i
∑ Nj1···jl; i1···il
4
[(2l + 1)(a+j1···jlai1···il + aj1···jla
+
i1···il
)]
= −i
∑
l,m
1
4
[(2l + 1)(a+l,mal,m + al,ma
+
l,m)]
= −i
∑
l,m
(l +
1
2
)a+l,mal,m + const
= −i
∑
(l +
1
2
)Nj1···jl; i1···ila
+
j1···jl
ai1···il + const, (30)
Pµ = −i
∑ √
(2l + 1)(2l + 3)Nj1···jl+1; µi1···ila
+
j1···jl+1
ai1···il . (31)
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Taking into account of the fact that a+ and a are traceless, we have
D = −i
∑ l!
2(2l − 1)!!a
+
i1···il
ai1···il + const, (32)
Pµ = −i
∑ √2l + 1
2l + 3
(l + 1)!
(2l + 1)!!
a+µi1···ilai1···il, (33)
Kµ = −i
∑ √2l + 1
2l + 3
(l + 1)!
(2l + 1)!!
a+i1···ilaµi1···il, (34)
Mµν = i
∑ (l + 1)(l + 1)!
2(2l + 3)!!
(a+µq1···qlaνq1···ql − a+νq1···qlaµq1···ql), (35)
H = iD =
∑ l!
2(2l − 1)!!a
+
i1···il
ai1···il + const, (36)
which satisfy
[H, a+l,m] = (l +
1
2
)a+l,m, [H, al,m] = −(l +
1
2
)al,m, (37)
[H, a+i1···il] = (l +
1
2
)a+i1···il, [H, ai1···il ] = −(l +
1
2
)ai1···il . (38)
One can see with the commutator (23), the operators in (32)-(35) do form the so(3, 2)
algebra. Especially, [H,Pµ] = Pµ, [H,Kµ] = −Kµ, Pµ and Kµ increases and decreases the
energy by 1, respectively. Also, we have
[Pµ, a
+
i1···il
] = −i
√
2l + 1
2l + 3
(l + 1)a+µi1···il, (39)
[Pµ, ai1···il ] = i
√
2l + 1
2l − 1[
2l − 1
l
(δµi1ai2···il + · · ·)−
2
l
(δi1i2aµi3···il + · · ·)]. (40)
It is easy to show
[Pµ, φ] = −i∂µφ, (41)
[D, φ] = −i(xµ∂µφ+ 1
2
φ) (42)
as is required.
4 The conserved charges in 3d CFT and the higher spin
algebra
The traceless totally symmetric conserved current for the 3d free scalar field theory was
constructed as follows [40]
Ji1···is =
s∑
k=0
(−1)k(−1
2
)!(s− 1
2
)!
k!(k − 1
2
)!(s− k)!(s− k − 1
2
)!
∂(i1 · · ·∂ikφ∂ik+1 · · ·∂is)φ− traces (43)
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for each spin s. There is a one-to-one correspondence between the operator Ji1···is in 3d CFT
and the metric-like spin-s field hi1···is in AdS4.
Because ∂µJµi1···is−1 = 0,
Qi1···is−1 =
∫
Σ
dSµ Jµi1···is−1 (44)
is a conserved charge. Ji1···is contracting with the conformal killing tensors also gives the
conserved current. In [41], it was shown that the conserved currents and charges in the
d dimensional free massless scalar field theory are described by various traceless two-row
rectangular Young tableaux of the conformal algebra so(d, 2). Killing tensors could be built
as the products of the conformal killing vectors satisfying
∂µf ν + ∂νfµ − 2
3
δµν∂λf
λ = 0. (45)
In 3d, there are three kinds of such non-constant killing vectors
kµ = xµ, kµ;α = 2xµxα − δµαr2, kµ;αβ = δµαxβ − δµβxα. (46)
So, generically, the conserved currents can be taken as
Jµi1···is−1 , f
i1
1 Jµi1···is−1 , f
i1
1 f
i2
2 Jµi1···is−1 , f
i1
1 · · · f is−1s−1 Jµi1···is−1 , (47)
where f
ip
p can be any of the three killing vectors in (46). For example, when s = 2, the
conserved currents are
Jµi1 , k
i1Jµi1 , k
i1;αJµi1 , k
i1;αβJµi1 ; (48)
when s = 3, neglecting the fact that J = 0 for real φ, the conserved currents are
Jµi1i2 ,
ki1Jµi1i2 , k
i1;αJµi1i2 , k
i1;αβJµi1i2 ,
ki1ki2Jµi1i2, k
i1;αki2;βJµi1i2, k
i1;αβki2;ρσJµi1i2,
ki1ki2;αJµi1i2, k
i1;αki2;ρσJµi1i2 , k
i1;αβki2Jµi1i2 . (49)
The integration of conserved current gives the conserved charge. It is not quite obvious that
all charges form a closed Lie algebra. However, let Q be an arbitrary conserved charge, there
will be
[Q, φ] = Dφ, (50)
where D is a linear differential operator satisfying ∆D = δ∆ for some linear differential
operator δ so that for ∆φ = 0, ∆[Q, φ] = 0. Higher spin algebra is the algebra for Q,
which is isomorphic to the algebra for D, while the latter is shown to be the quotient of the
universal enveloping algebra U(so(d, 2)) [42] and then is of course closed.
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In this Section, we will compute the charge Q explicitly, which gives another oscillator
realization of the higher spin algebra.
[D, Ji1···is] = −i[xµ∂µJi1···is + (s+ 1)Ji1···is ]. (51)
Ji1···is has the conformal dimension s+ 1. k
µ, kµ;α and kµ;αβ have the conformal dimensions
−1, −2 and −1, respectively, so
[D, (k)l(kα)m(kαβ)nJ ] = −i[xµ∂µ((k)l(kα)m(kαβ)nJ)+(s+1−l−2m−n)((k)l(kα)m(kαβ)nJ)].
(52)
For any operator j with
[D, j] = −i[xµ∂µj +∆j], (53)
[D, r2dΩj] = −i[xµ∂µ(r2dΩj) + (∆− 2)r2dΩj], (54)
so if j is the conserved current, i.e.
Q =
∫
S2
r2dΩj (55)
is a constant, there will be
[D,Q] = [D,
∫
S2
r2dΩj] = −i[xµ∂µ(
∫
S2
r2dΩj) + (∆− 2)
∫
S2
r2dΩj] = −i(∆ − 2)Q. (56)
(k)l(kα)m(kαβ)nJ is conserved with
Q(l, m, n, s) =
∫
S2
r2dΩ (k)l(kα)m(kαβ)nJ (57)
the corresponding charge, so
[D,Q(l, m, n, s)] = −i(s− 1− l − 2m− n)Q(l, m, n, s). (58)
Q(l, m, n, s) has the definite conformal dimension.
Charges can only be the linear combinations of the terms like
a+ν1···ναq1···qlaµ1···µβq1···ql, a
+
ν1···ναq1···ql
a+µ1···µβq1···ql,
aν1···ναq1···qlaµ1···µβq1···ql, aν1···ναq1···qla
+
µ1···µβq1···ql
.
Obviously, it is a+ν1···ναq1···ql aµ1···µβq1···ql and aν1···ναq1···qla
+
µ1···µβq1···ql
that are allowed with α−β =
s− 1− l − 2m− n and β − α = s− 1− l − 2m− n, respectively. Especially, the charge for
Jµi1···is−1 is the linear combination of a
+
i1···is−1q1···ql
aq1···ql. With Jµi1···is−1 → ki1Jµi1···is−1,
a+i1···is−1q1···qlaq1···ql → a+i2···is−1q1···qlaq1···ql; (59)
with Jµi1···is−1 → ki1;αJµi1···is−1 ,
a+i1···is−1q1···qlaq1···ql → a+i2···is−1q1···qlaαq1···ql; (60)
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with Jµi1···is−1 → ki1;αβJµi1···is−1 ,
a+i1···is−1q1···qlaq1···ql → a+αi2···is−1q1···qlaβq1···ql − a+βi2···is−1q1···qlaαq1···ql. (61)
In short, the action of kµ is to eliminate the µ index from a+; the action of kµ;α is to eliminate
the µ index from a+ and add the α index in a; the action of kµ;αβ is to replace the µ index
in a+ by the α/β index and add the β/α index in a with α and β anti-symmetric. It is easy
to see the constructed charge indeed has the expected conformal dimension.
In the following, we will calculate two special sets of charges P sµ1···µk and K
s
µ1···µk
, which
are the higher spin generalization of Pµ, D and Kµ.
P sµ1···µk = i
∫
S2
dΩ kµk+1 · · · kµsJµ1···µs ; (62)
Ksµ1···µk = i
∫
S2
dΩ kν1;µ1 · · · kνk;µkkνk+1 · · · kνsJν1···νs − traces, (63)
[D,P sµ1···µk ] = −ikP sµ1···µk , [D,Ksµ1···µk ] = ikKsµ1···µk , (64)
where Ksµ1···µk = −(P sµ1···µk)+.
The terms of interest are
∂µ1 · · ·∂µnφ+(r, θ, ϕ)∂ν1 · · ·∂νmφ−(r, θ, ϕ)|r=1
=
∑∑ (−1)m(l + n)!(2l′ + 2m− 1)!!a+µ1···µni1···ilaj1···jl′
l!(2l′ − 1)!!√2l + 2n+ 1√2l′ + 1 Yi1···ilYν1···νmj1···jl′ (65)
Plugging (65) into (43) and then (62), one can see the generic form of P sµ1···µk is
P sµ1···µk = −i
∑ (l + k)!g(s, k, l)√
(2l + 1)(2l + 2k + 1)(2l + 2k + 1)!!
a+µ1···µki1···ilai1···il (66)
with g(s, k, l) a s-order polynomial of l. Let
f(s, k, l) =
(2l − 1)!!
(2l + 2k + 1)!!
g(s, k, l), (67)
(66) can be rewritten as
P sµ1···µk = −i
∑ √ 2l + 1
2l + 2k + 1
(l + k)!f(s, k, l)
(2l + 1)!!
a+µ1···µki1···ilai1···il. (68)
[P s1ν1···νk1
, P s2µ1···µk2
] =
∑√ 2l + 1
2l + 2k1 + 2k2 + 1
(l + k1 + k2)! a
+
ν1···νk1µ1···µk2 i1···il
ai1···il
(2l + 1)!!
[f(s1, k1, l)f(s2, k2, l + k1)− f(s2, k2, l)f(s1, k1, l + k2)].
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The checking with the lower spin case shows that f(s, k, l) is a s− k − 1 order polynomial,
so we will have
f(s1, k1, l)f(s2, k2, l+k1)−f(s2, k2, l)f(s1, k1, l+k2) =
s1+s2−2∑
s=k1+k2+1
αs1,k1;s2,k2s f(s, k1+k2, l) (69)
with αs1,k1;s2,k2s uniquely determined. As a result,
[P s1ν1···νk1
, P s2µ1···µk2
] = i
s1+s2−2∑
s=k1+k2+1
αs1,k1;s2,k2s P
s
ν1···νk1µ1···µk2
. (70)
Obviously, [P s, P s
′
] = 0, [P sν1···νs−1, P
s′
ν1···νs′−1
] = 0, [P sν1···νk , P
s
µ1···µk
] = 0.
f(s, 0, l) can be calculated as
f(s, 0, l) =
(−1)s
2l + 1
s∑
k=0
C2k2sC
s
l+s−k. (71)
f(2, 1, l) = 4. When s2 = 2, k2 = 1,
[P s1ν1···νk1
, P 2µ1 ] = i
s1∑
s=k1+2
αs1,k1;2,1s P
s
ν1···νk1µ1
. (72)
P s1ν1···νk1
is a tensor in the representation of so(3, 2), so [P s1ν1···νk1
, P 2µ1 ] should also be a spin-s
operator. We actually have
[P s1ν1···νk1
, P 2µ1 ] = iα
s1,k1;2,1
s1
P s1ν1···νk1µ1
, (73)
4f(s1, k1, l)− 4f(s1, k1, l + 1) = αs1,k1;2,1s1 f(s, k1 + 1, l). (74)
From f(s, 0, l), f(s, k, l) for k = 1, · · · , s− 1 can be determined as
f(s, 1, l) =
f(s, 0, l + 1)− f(s, 0, l)
s− 1 , (75)
· · ·
f(s, k, l) =
f(s, k − 1, l + 1)− f(s, k − 1, l)
s− k , (76)
· · ·
f(s, s− 1, l) = f(s, s− 2, l + 1)− f(s, s− 2, l). (77)
For s = 2, 3, 4, the direct calculation gives
f(2, 0, l) = 4l + 2, f(2, 1, l) = 4;
f(3, 0, l) =
2
3
(8l2 + 8l + 3), f(3, 1, l) =
16
3
(l + 1), f(3, 2, l) =
16
3
;
f(4, 0, l) =
1
3
(8l3 + 12l2 + 10l + 3), f(4, 1, l) =
2
3
(4l2 + 8l + 5),
f(4, 2, l) =
4
3
(2l + 3), f(4, 3, l) =
8
3
;
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verifying our expectation. The algebra is then
[P 2µ , P
3] ∝ P 3µ , [P 2µ , P 3ν ] ∝ P 3µν ;
[P 2µ , P
4
νλ] ∝ P 4µνλ, [P 2µ , P 4] ∝ P 4µ , [P 2µ , P 4ν ] ∝ P 4µν ;
[P 3, P 3µ ] ∝ 12P 4µ −
1
2
P 2µ , [P
3, P 3µν ] ∝ P 4µν .
With P sµ1···µk given, since K
s
µ1···µk
= −(P sµ1···µk)+,
Ksµ1···µk = −i
∑ √ 2l + 1
2l + 2k + 1
(l + k)!f(s, k, l)
(2l + 1)!!
a+i1···ilaµ1···µki1···il. (78)
{P sµ1···µk} and {Ksµ1···µk} form two subalgebras of the higher spin algebra. With some tedious
calculations, the rest higher spin charges can also be worked out, giving rise to the CFT
realization of the higher spin charges which is supposed to be constructed from the higher
spin gauge fields in AdS4. In radial quantization, the charges listed in (47) have the definite
conformal dimension but are not necessarily Hermitian. If Q is a conserved charge with the
dimension ∆, Q+ will also be the conserved charge with the dimension −∆. We will then
get the Hermitian charges Q +Q+ and iQ− iQ+ that does not have the definite conformal
dimension.
[P sµ1···µk , a
+
i1···il
] = −i
√
2l + 1
2l + 2k + 1
(l + k)!f(s, k, l)
l!
a+µ1···µki1···il. (79)
Especialy,
[P sµ1···µs−1 , a
+
i1···il
] ∝ −i
√
2l + 1
2l + 2s− 1
(l + s− 1)!
l!
a+µ1···µs−1i1···il, (80)
[P sµ1···µs−1 , φ] ∝ −i∂µ1 · · ·∂µs−1φ. (81)
More generically,
[P sµ1···µk , φ] ∝ −i
s−1∑
n=k
[Vs,k,n x
µk+1 · · ·xµn∂µ1 · · ·∂µnφ], (82)
where Vs,k,n are coefficients to be determined via
f(s, k, l) =
s−1∑
n=k
[
l!
(l + k − n)!Vs,k,n]. (83)
Because
∆(xµk+1 · · ·xµn∂µ1 · · ·∂µnφ) = 0, (84)
∆[P sµ1···µk , φ] = 0, (85)
is consistent with (50).
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In [41], it was shown that the higher spin algebra ho(1|2 : [3, 2]) admits a basis formed by
a set of elements MA1···As−1,B1···Bs−1 in irreducible representations of SO(3, 2) characterized
by two row rectangular Young tableaux. Ai, Bi = 0, 1, 2, 3, 4.
MA1···As−1,B1···Bs−1 =M{A1···As−1},B1···Bs−1 = MA1···As−1,{B1···Bs−1},
M{A1···As−1,As}B2···Bs−1 = 0, M
B1···Bs−1
A1···As−3CC,
= 0. (86)
When s = 2, {MA1,B1} gives the so(3, 2) algebra. All generators transform as SO(3, 2)
tensors:
[MC,D,MA1···As−1,B1···Bs−1 ] = iηDA1MCA2···As−1,B1···Bs−1 + · · · . (87)
We can make a mapping from {P sµ1···µk} and {Ksµ1···µk} to {MA1···As−1,B1···Bs−1}. For s = 2,
D2 = iM0,4, P
2
µ1
=M0,µ1 + iM4,µ1 , K
2
µ1
= −M0,µ1 + iM4,µ1 . (88)
According to (86), for each spin s, there is a unique SO(3) scalar M0···0,4···4,
[M0,4,M0···0,4···4] = 0, (89)
so
Ds = M0···0,4···4, (90)
[D2, Ds] = 0. There are two SO(3) vectors M0···0,4···4µ1 and M4···4,0···0µ1 ,
[M0,4,M0···0,4···4µ1 ] = i(−1)s−1M4···4,0···0µ1 , [M0,4,M4···4,0···0µ1 ] = i(−1)sM0···0,4···4µ1 . (91)
P sµ1 =M0···0,4···4µ1 + iM4···4,0···0µ1 , K
s
µ1 = −M0···0,4···4µ1 + iM4···4,0···0µ1 , (92)
[D2, P sµ1] = i(−1)s−1P sµ1 , [D2, Ksµ1 ] = i(−1)sKsµ1 . (93)
For k ≥ 2, the relation between P sµ1···µk , Ksµ1···µk and MA1···As−1,B1···Bs−1 is more complicated.
Nevertheless, withD = iM0,4, the higher spin generatorsMA1···As−1,B1···Bs−1 can be rearranged
as the generators with the definite conformal weight ∆, which will then correspond to the
CFT operators taking the form of
∑
a+µ1···µαq1···qlaν1···νβq1···ql, with α − β = ∆. Especially,
[D,Mµ1···µk,ν1···νk ] = 0.
The above discussion can be directly extended to dimension d. The totally symmetric
traceless conserved spin-s tensor is
Jdi1···is =
s∑
k=0
(−1)k(d
2
− 2)!(s+ d
2
− 2)!
k!(k + d
2
− 2)!(s− k)!(s− k + d
2
− 2)!∂(i1 · · ·∂ikφ∂ik+1 · · ·∂is)φ− traces. (94)
When s = 2,
Jdµν =
1
2
(φ∂µ∂νφ+ ∂µ∂νφφ)− d
2(d− 2)(∂µφ∂νφ+ ∂νφ∂µφ−
2
d
δµν∂
αφ∂αφ), (95)
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from which, we get
Dd = −i
∑ (d− 1)l!
(d− 2)(2l + d− 4)!!a
+
i1···il
ai1···il, (96)
P dµ = −i
∑√2l + d− 2
2l + d
2(d− 1)(l + 1)!
(d− 2)(2l + d− 2)!!a
+
µi1···il
ai1···il. (97)
The generic form of P s,dµ1···µn is
P s,dµ1···µk = −i
∑ √ 2l + d− 2
2l + 2k + d− 2
(l + k)!f d(s, k, l)
(2l + d− 2)!! a
+
µ1···µki1···il
ai1···il, (98)
with f d(s, k, l) a s− k − 1-order polynomial.
Ks,dµ1···µk = −(P s,dµ1···µk)+ = −i
∑ √ 2l + d− 2
2l + 2k + d− 2
(l + k)!f d(s, k, l)
(2l + d− 2)!! a
+
i1···il
aµ1···µki1···il . (99)
5 The state correspondence for the higher spin/vector
model duality
With the radial quantization of the CFT done, we are ready to build the one-to-one corre-
spondence between the Hilbert space of the higher spin gravity in AdS and the Hilbert space
of the CFT. Consider the quantum higher spin gravity in AdS4. The vacuum state could be
denoted as |Ω〉. AdS4 has the SO(3, 2) isometry, so the operators Pµ, Kµ, H and Mµν with
µ, ν = 1, 2, 3 can be constructed from the theory in AdS4. Moreover, higher spin gravity also
has the higher spin symmetry, so the higher spin charges, including P sµ1···µs and K
s
µ1···µs , can
also be built in AdS theory. According to the AdS/CFT correspondence, these operators in
AdS, although have the different origin, can be identified with the corresponding operators
in CFT.
The one particle states of the higher spin gravity in AdS4 form the infinite dimensional
unitary reducible representation of SO(3, 2) [43, 44, 45]. For each spin s, there is a lowest
energy state |λ, s〉 with Kµ |λ, s〉 = 0. The Hilbert space of the single particle state for spin-s
field is generated by {Pµ1 · · ·Pµn |λ, s〉 |n = 0, 1 · · ·}.
H |λ, s〉 = λ |λ, s〉 = (s + 1) |λ, s〉 . (100)
HPµ1 · · ·Pµn |λ, s〉 = (λ+ n) |λ, s〉 = (s+ n + 1) |λ, s〉 . (101)
Pµ1 · · ·Pµn can be decomposed into the traceless tensors {P (n)µ1···µl |l = n, n− 2, · · ·}, which are
the unitary irreducible representations of SO(3).
P (n)µ1···µn = Pµ1 · · ·Pµn − traces,
P (n)µ1···µn−2 = Pµ1 · · ·Pµn−2P 2 − traces,
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P (n)µ1···µn−4 = Pµ1 · · ·Pµn−4P 4 − traces,
· · ·
P (n) = P n for even n,
P (n)µ1 = Pµ1P
n−1 for odd n. (102)
P
(n)
µ1···µl |λ, s〉 = |n, l;λ, s〉. Acting on the lowest energy state, P (n)µ1···µl will give the orbit angular
momentum l and the external energy n.
The 1-particle Hilbert space of the spin-s field have the basis {|n, l;λ, s〉 |n = 0, 1, · · · ; l =
n, n − 2 · · ·}, forming the unitary irreducible representation of SO(3, 2). Let C2 be the
quadratic Casimir operator of SO(3, 2), then
C2 |n, l;λ, s〉 = [λ(λ− 3) + s(s+ 1)] |n, l;λ, s〉 = 2(s2 − 1) |n, l;λ, s〉 . (103)
Under the SO(3, 2) transformation, both the energy and the angular momentum change,
but the spin is preserved. The 1-particle Hilbert space for higher spin gravity in AdS4
is then decomposed into the subspaces for each spin. Under the higher spin symmetry
transformation, particles with the different spins will be mixed. Let Q be a generator of the
higher spin transformation, we may expect
Q |n, l;λ, s〉 =
∑
n′,l′,λ′,s′
Qn,l,λ,sn′,l′,λ′,s′ |n′, l′;λ′, s′〉 . (104)
The matrix Qn,l,λ,sn′,l′,λ′,s′ gives the representation of the higher spin algebra in the 1-particle
Hilbert space of the higher spin gravity, whose exact form can be determined in 3d CFT via
the AdS/CFT correspondence.
Now, back to the CFT side. In 3d free scalar field theory, there is a set of spin-s primary
operators
Oi1···is =
s∑
k=0
(−1)k(−1
2
)!(s− 1
2
)!
k!(k − 1
2
)!(s− k)!(s− k − 1
2
)!
∂{i1 · · ·∂ikφ∂ik+1 · · ·∂is}φ− traces. (105)
[H,Oi1···is(x)] = x
µ∂µOi1···is(x) + (s+ 1)Oi1···is(x). (106)
Especially,
[H,Oi1···is(0)] = (s+ 1)Oi1···is(0), (107)
if Oi1···is(x) is regular at x = 0.
Oi1···is(x) = O
++
i1···is
(x) +O+−i1···is(x) +O
−+
i1···is
(x) +O−−i1···is(x), (108)
where O++, O+−, O−+, O−− are operators constructed from φ+φ+, φ+φ−, φ−φ+, φ−φ−
respectively. Oαβi1···is(x) ∼
∑
n,l r
nYl. For O
++, n ≥ l; for O+−, O−+, O−−, n < l, so O++ is
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the analytic part of O at x = 0. We will only keep the analytic part of Oi1···is(x), for which,
the descendants ∂µ1 · · ·∂µ1Oi1···is(0) is well-defined 2. With φ+ plugged in,
Oi1···is(0) =
s∑
k=0
(−1)k(−1
2
)!(s− 1
2
)!a+{i1···ika
+
ik+1···is}
(k − 1
2
)!(s− k − 1
2
)!
√
2k + 1
√
2s− 2k + 1 − traces. (110)
Suppose |0〉 is the vacuum state of the 3d CFT, H |0〉 = 0 3, then Oi1···is(0) |0〉 is a state
with spin s, energy s+ 1. This is the standard operator/state correspondence in CFT.
Oi1···is(0) |0〉
=
s∑
k=0
(−1)k(−1
2
)!(s− 1
2
)!√
(2k + 1)(2s− 2k + 1)(k − 1
2
)!(s− k − 1
2
)!
a+{i1···ika
+
ik+1···is}
|0〉 − traces. (111)
For example,
O(0) |0〉 = a+a+ |0〉 , (112)
Oi1i2(0) |0〉 = (
2√
5
a+a+i1i2 − a+i1a+i2 +
1
3
δi1i2a
+
αa
+
α ) |0〉 . (113)
According to the AdS/CFT dictionary, the identification
Oi1···is(0) |0〉 = |s + 1, s〉 (114)
can be made. O(0) |0〉 is a 1-particle state for the spin 0 field in AdS4 with the energy 1;
Oi1i2(0) |0〉 is a 1-particle state for the spin 2 field in AdS4 with the energy 3. Oi1···is is
primary, [Kµ, Oi1···is] = 0, so KµOi1···is(0) |0〉 = 0. Oi1···is(0) |0〉 is the lowest energy state. In
fact, since
[Kµ, a
+
i1···il
] = −i
√
2l + 1
2l − 1[
2l − 1
l
(δµi1a
+
i2···il
+ · · ·)− 2
l
(δi1i2a
+
µi3···il
+ · · ·)], (115)
let Oi1···is(0) |0〉 be the most generic linear combination of the a+a+ |0〉 terms with the energy
s+ 1, i.e.
Oi1···is(0) |0〉 = (a+i1···isa+ + f1a+i1···is−1a+is + f2a+i1···is−2isa+is−1 + · · ·) |0〉 , (116)
imposing KµOi1···is(0) |0〉 = 0 will uniquely fix Oi1···is(0) |0〉 to be (111).
The boost operator Pµ has been constructed in CFT.
Pµ1 · · ·PµnOi1···is(0) |0〉 = [Pµ1 , · · · , [Pµn−1 , [Pµn, Oi1···is(0)]] · · ·] |0〉 . (117)
2Here, the analytic part is just the creation operator. For the generic operator O(x) in an interacting
CFT, the
O(x) =
∑
n,l
rnYl on,l (109)
decomposition is always possible, from which, the analytic part with n ≥ l can be uniquely determined and
can also be taken as the creation operator.
3The vacuum energy in H is dropped.
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It is direct to write down P
(n)
µ1···µl |λ, s〉 = |n, l;λ, s〉. Let us give some simple examples. For
the spin 0 particle in AdS4, the lowest energy state is |1, 0〉 = a+a+ |0〉.
P (1)µ |1, 0〉 = P (1)µ a+a+ |0〉 = −
2i√
3
a+µ a
+ |0〉 = |1, 1; 1, 0〉 (118)
is the state with the angular momentum 1, energy 2.
P (2)µν |1, 0〉 = P (2)µν a+a+ |0〉 = −2(
2√
5
a+µνa
+ +
1
3
a+µ a
+
ν −
δµν
9
a+αa
+
α ) |0〉 = |2, 2; 1, 0〉 (119)
is the state with the angular momentum 2, energy 3.
P (2) |1, 0〉 = a+αa+α |0〉 = |2, 0; 1, 0〉 (120)
is the state with the angular momentum 0, energy 3.
Since [Pµ, Oi1···is ] = −i∂µOi1···is, we actually have
P (n)µ1···µl |s+ 1, s〉 = P (n)µ1···µlOi1···is(0) |0〉
= (−i)n[∂µ1 · · ·∂µl(∂2)
n−l
2 − traces]Oi1···is(0) |0〉
= Onµ1···µl; i1···is(0) |0〉 . (121)
The primary operator Oi1···is corresponds to a state of spin s particle with the energy s+ 1,
while the descendant operator [∂µ1 · · ·∂µl(∂2)
n−l
2 − traces]Oi1···is corresponds to a state of the
spin s particle with the energy n + s + 1 and the orbit angular momentum l [8]. A special
case is P
(n)
µ1···µn ,
P (n)µ1···µn |s+ 1, s〉 = (−i)n[∂µ1 · · ·∂µn − traces]Oi1···is(0) |0〉 . (122)
[∂µ1 · · ·∂µn − traces] could be compared with the chiral primary operator
OI1···In = XI1 · · ·XIn − traces (123)
in, for example, N = 4 SYM theory. The former generates the angular momentum in Sp−2 of
AdSp, while the latter gives the angular momentum in the transverse S
q. In the longitudinal
space, XI is replaced by −i∂µ.
As is proposed in [24, 25], another way to get the states with the given angular momentum
and energy is by the Fourier transformation. The two ways are equivalent. In an arbitrary
CFT that is not necessary free, for the operator O(x) which is analytic at x = 0
O(x) =
∞∑
n=0
1
n!
xµ1 · · ·xµn∂µ1 · · ·∂µnO(0)
=
∞∑
n=0
∑
l=n,n−2···
αn,l Y
µ1···µlrn[∂µ1 · · ·∂µl(∂2)
n−l
2 − traces]O(0). (124)
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Taking r = eit, we have
∫
dt e−int
∫
S2
dΩ Yµ1···µl O(x) ∝ [∂µ1 · · ·∂µl(∂2)
n−l
2 − traces]O(0). (125)
[∂µ1 · · ·∂µl(∂2)
n−l
2 − traces]O(0) is obtained by the Fourier transformation.
Finally, let us check the degrees of freedom in spin s field.
Oi1···is(x) =
∞∑
n=0
1
n!
xµ1 · · ·xµn∂µ1 · · ·∂µnOi1···is(0). (126)
Oi1···is(x) is conserved, ∂
i1Oi1···is(x) = 0, reducing the original 2s + 1 degrees of freedom to
2. Oi1···is(x) automatically obeys some kind of “Coulomb gauge”.
∂i1∂µ1 · · ·∂µnOi1···is(0) = 0, (127)
so
(−i)n[∂α∂µ1 · · ·∂µl−1(∂2)
n−l
2 − traces]Oαi1···is−1(0) = Onαµ1···µl−1; αi1···is−1(0) = 0. (128)
This is the manifestation of the gauge condition in momentum space. Onµ1···µl; i1···is(0), the
creation operator for the particle with the quantum number (n, l; s+1, s), is symmetric with
respect to the µ and ν indices separately and traceless with respect to all indices, i.e.
Onµ1···µl; i1···is(0) = O
n
{µ1···µl}; i1···is
(0) = Onµ1···µl; {i1···is}(0), (129)
Onααµ1···µl−2; i1···is(0) = O
n
αµ1···µl−1; αi1···is−1
(0) = Onµ1···µl; ααi1···is−2(0) = 0. (130)
Onµ1···µl; i1···is(0) only creates the physical states with no extra degrees of freedom to remove.
There is no local gauge symmetry anymore. All we have is the global non-abelian higher
spin symmetry. Also,
∂i1O′i1···is(x) = ∂
i1 [UOi1···is(x)U
+] = U∂i1Oi1···is(x)U
+ = 0, (131)
the local gauge condition is invariant under the global gauge transformation.
Since the higher spin charges can be explicitly constructed in the 3d CFT, it is direct to
consider the action of the charges on the 1-particle state |n, l; s+ 1, s〉 and the higher spin
transformation of |n, l; s+ 1, s〉. Before it, let us first see the realization of the singletons
and the doubletons [46, 47, 48] in the 3d CFT. a+ |0〉 is the lowest energy state of the Dirac
singleton Rac = D(1/2, 0).
Pµ1 · · ·Pµna+ |0〉 ∝ a+µ1···µn |0〉 . (132)
D(1/2, 0) is the space generated by {a+µ1···µn |0〉 |n = 0, 1, · · ·}, i.e.
D(1/2, 0) = H{a+µ1···µn |0〉|n=0,1,···}. (133)
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Higher spin charges with the weight p is the sum of the terms like a+µ1···µn+pi1···ilaν1···νni1···il , so
obviously, D(1/2, 0) forms the irreducible representation of the higher spin algebra and also
so(3, 2).
The tensor product of two scalar singletons is
D(1/2, 0)⊗D(1/2, 0) = H{a+µ1···µma+ν1···νn |0〉|m,n=0,1,···}, (134)
which is also the irreducible representation of the higher spin algebra but is reducible with
respect to so(3, 2). The 1-particle Hilbert space of the higher spin gravity in AdS4 is
⊕s=0,2,··· D(s+ 1, s) = H{Onµ1···µl; i1···is (0)|0〉|s=0,2,···;n=0,1,···;l=n,n−2···}
= H{|n,l;s+1,s〉|s=0,2,···;n=0,1,···;l=n,n−2···}. (135)
There will be
D(1/2, 0)⊗D(1/2, 0) = H{a+µ1···µma+ν1···νn |0〉|m,n=0,1,···}
= H{Onµ1···µl; i1···is(0)|0〉|s=0,2,···;n=0,1,···;l=n,n−2···}
= ⊕s=0,2,···D(s+ 1, s). (136)
We will prove (136) in the generic D dimension. For compactness, (135) is rewritten as
⊕s=0,2,··· D(s+ 1, s) = H{Pµ1 ···PµnOi1···is (0)|0〉|s=0,2,···;n=0,1,···}. (137)
Pµ1 · · ·PµnOi1···is(0) |0〉 = P{µ1 · · ·Pµn}Oi1···is(0) |0〉 = Pµ1 · · ·PµnO{i1···is}(0) |0〉 , (138)
PαPµ2 · · ·PµnOαi2···is(0) |0〉 = Pµ1 · · ·PµnOααi3···is(0) |0〉 = 0. (139)
In dimension D, the tensor Tµ1···µn = T{µ1···µn} has the independent components An =
(n+D−1)!
(D−1)!n!
, the tensor Tµ1···µn = T{µ1···µn} with Tααµ3···µn = 0 has the independent components
Bn = An −An−2 = (2n+D−2)(n+D−3)!(D−2)!n! .
For the given energy N +D − 2, there are
a+µ1···µNa
+ |0〉 , a+µ1···µN−1a+µN |0〉 , · · · , a+µ1···µN/2a+µN/2+1···µN |0〉 , for even N
a+µ1···µNa
+ |0〉 , a+µ1···µN−1a+µN |0〉 , · · · , a+µ1···µ(N+1)/2a+µ(N+1)/2+1···µN |0〉 , for odd N (140)
in H{a+µ1···µma
+
ν1···νn
|0〉|m,n=0,1,···}, with the total number of the degrees of freedom
BN +B1BN−1 +B2BN−2 + · · ·+BN
2
−1BN
2
+1 +BN
2
(BN
2
+ 1)/2, for even N
BN +B1BN−1 +B2BN−2 + · · ·+BN−1
2
BN+1
2
, for odd N. (141)
On the other hand, in H{Pµ1 ···PµnOi1···is (0)|0〉|s=0,2,···;n=0,1,···}, the states with energy N +D − 2
are
Oi1···iN (0) |0〉 , Pµ1Pµ2Oi1···iN−2(0) |0〉 , · · · , Pµ1 · · ·PµNO(0) |0〉 for even N
Pµ1Oi1···iN−1(0) |0〉 , Pµ1Pµ2Pµ3Oi1···iN−3(0) |0〉 , · · · , Pµ1 · · ·PµNO(0) |0〉 for odd N
(142)
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with the total number of the degrees of freedom
BN + (A2BN−2 − A1BN−3) + (A4BN−4 − A3BN−5) + · · ·+ AN , for even N
(A1BN−1 − BN−2) + (A3BN−3 − A2BN−4)
+(A5BN−5 −A4BN−6) + · · ·+ AN , for odd N. (143)
(141) and (143) are equal, so we arrive at (136). H{|n,l;s+1,s〉|s=0,2,···;n=0,1,···;l=n,n−2···}, the
1-particle Hilbert space of the higher spin gravity in AdSD+1, forms the irreducible represen-
tation of the higher spin algebra, but the reducible representation of so(D, 2), under which
it is decomposed into the irreducible representations D(s+ 1, s):
⊕s=0,2,··· D(s+ 1, s) = H{|n,l;s+1,s〉|s=0,2,···;n=0,1,···;l=n,n−2···}, (144)
where
D(s+ 1, s) = H{|n,l;s+1,s〉|n=0,1,···;l=n,n−2···} (145)
is the 1-particle Hilbert space for the spin s field.
In [47, 48],
D(1/2, 0)⊗D(1/2, 0) = ⊕s=0,1,···D(s+ 1, s) (146)
was proved for AdS4, while in [49], the discussion is extended to the arbitrary dimensions.
In [49], the higher spin charges get the oscillator representation in terms of aA, aA, satisfying
the commutation relations
[aA, aB] = −ηAB, [aA, aB] = 0, [aA, aB] = 0, (147)
(aA)+ = aA, for so(D, 2), A = 0, 1, · · · , D + 1. The single particle states of the higher spin
gravity are then represented by the Fock module |Φ〉 = Φ(aA, a¯A) |0〉. Here, the higher spin
charges and the single particle states are realized in terms of the oscillators a+µ1···µn and aµ1···µn
in CFT.
H{|n,l;s+1,s〉|s=0,2,···;n=0,1,···;l=n,n−2···} forms the irreducible representation of the higher spin
algebra. For the higher spin charge Q with the dimension ∆, there will be
Q |n, l; s+ 1, s〉 =
∑
l′,s′
Qn,l,sl′,s′ |s+ n +∆− s′, l′; s′ + 1, s′〉 (148)
as well as
[Q,Onl;s(0)] =
∑
l′,s′
Qn,l,sl′,s′ O
s+n+∆−s′
l′;s′ (0). (149)
Since Os(x) = e
iPixiO00;s(0)e
−iPixi, assuming
[[Pik , · · · [Pi1 , Q] · · ·], O00;s(0)] =
∑
l′,s′
qi1···ikl′,s′;sO
k+s+∆−s′
l′;s′ (0), (150)
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[Q,Os(x)]
=
∑
l′,s′
Q0,0,sl′,s′ O
s+∆−s′
l′;s′ (x)
+ eiPix
i{−ixi[[Pi, Q], O00;s(0)] +
(−i)2
2!
xjxi[[Pj , [Pi, Q]], O
0
0;s(0)] + · · ·}e−iPix
i
=
∑
l′,s′
Q0,0,sl′,s′ O
s+∆−s′
l′;s′ (x)
− ixi
∑
l′,s′
qil′,s′;sO
1+s+∆−s′
l′;s′ (x) +
(−i)2
2!
xjxi
∑
l′,s′
qijl′,s′;sO
2+s+∆−s′
l′;s′ (x) + · · · . (151)
The descendants Onl;s(x) ∼ ∂nOs(x). Os(x) as well as its descendants also form the irreducible
representation of the higher spin algebra.
{|n, l; s+ 1, s〉} is the orthonormal basis in the 1-particle Hilbert space of the higher spin
gravity. (148) then gives a matrix realization of the higher spin algebra ho(1|2 : [3, 2]).
Especially, so(3, 2) are block diagonal matrices for the basis
{|n, l; 1, 0〉 , |n, l; 3, 2〉 , |n, l; 5, 4〉 , · · ·}. (152)
For a conserved charge Q, Q+ is also the conserved charge, which means if the matrix
t ∈ ho(1|2 : [3, 2]), t+ ∈ ho(1|2 : [3, 2]). Since the group parameters of G[ho(1|2 : [3, 2])] are
all real, with t± t+ taking the place of t and t+, we will get a real algebra with T = T+.
Now we will consider the inner products between the higher spin gravity states in AdS.
For the single particle state, the checking with the low spin states shows that for s 6= s′,
〈n′, l′; s′ + 1, s′|n, l; s+ 1, s〉 = 0. (153)
In fact, since the quadratic Casimir operator C2 is Hermitian,
〈n′, l′; s′ + 1, s′|C2|n, l; s+ 1, s〉
= 2(s2 − 1) 〈n′, l′; s′ + 1, s′|n, l; s+ 1, s〉
= 2(s′2 − 1) 〈n′, l′; s′ + 1, s′|n, l; s+ 1, s〉 . (154)
The 1-particle Hilbert spaces with different spins are orthogonal to each other. The generic
m-particle states can be written as
1
N
m
2
On1
µ11···µ
1
l1
; i11···i
1
s1
(0) · · ·Onmµm1 ···µmlm ; im1 ···imsm (0) |0〉 , (155)
which has the energy
∑m
i=1(si + ni + 1). The normalization factor 1/N
m
2 is added because
the norm of P
(n)
µ1···µlO
++
i1···is
(0) |0〉 is proportional to N 12 .
1
N
O1µ(0)O
1
ν(0) |0〉 = −
4
3N
a+pµ a
+pa+qν a
+q |0〉 (156)
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is the state for two spin 0 particles, each has the angular momentum 1.
1
N
O0(0)O0i1i2(0) |0〉 =
1
N
a+ra+r(
2√
5
a+sa+si1i2 − a+si1 a+si2 +
1
3
δi1i2a
+s
α a
+s
α ) |0〉 (157)
is the state for one spin 0 particle and one spin 2 particle, both have the zero orbit angular
momentum. p, q, r, s are color indices.
We can also calculate the inner products between the multi-particle states. As we have
seen before, states created by Onµ1···µl; i1···is(0) automatically carry the right degrees of free-
dom, so the corresponding inner products give the physical amplitude. It is expected that
with the higher spin gravity inAdS4 quantized and the multi-particle eigenstates constructed,
such inner products can be recovered.
1
N2
〈0|O+1µ (0)O+1ν (0)O0(0)O0i1i2(0) |0〉 =
12
N
(3δi1ρδi2σ + 3δi2ρδi1σ − 2δi1i2δρσ), (158)
so the
spin 0 + spin 0←→ spin 0 + spin 2 (159)
process is possible. Similarly, there is also
spin 4 + spin 0←→ spin 2 + spin 2. (160)
(158) is proportional to 1/N , while the cubic coupling constant in higher spin gravity is
g ∼ 1/√N , so (159) is the combination of two cubic vertices. When N → ∞, the gravity
theory is free; the inner product (158) becomes zero. This is expected, since at the free theory
level, O1µ(0) |0〉O1ν(0) |0〉 and O0(0) |0〉O0i1i2(0) |0〉 are orthogonal to each other. Since the
CFT is free, states with the different numbers of particles are orthogonal to each. However,
the theory in AdS is not free and the spin changing interactions do exist.
Multi-particle states also form the representation of the higher spin algebra.
QOn1
µ11···µ
1
l1
; i11···i
1
s1
(0) · · ·Onmµm1 ···µmlm ; im1 ···imsm (0) |0〉
= [Q,On1
µ11···µ
1
l1
; i11···i
1
s1
(0)] · · ·Onmµm1 ···µmlm ; im1 ···imsm (0) |0〉
+ · · ·
+ On1
µ11···µ
1
l1
; i11···i
1
s1
(0) · · · [Q,Onmµm1 ···µmlm ; im1 ···imsm (0)] |0〉 .
In this respect, they can be taken as the direct product of the single particle states, although
they are not the direct products as we can see from the calculation of the inner products.
Finally, let us have a complete classification for the states in the Hilbert space of the O(N)
vector model. Imposing the condition that the physical states must be O(N) invariant. The
Fock space of the theory is
⊕∞k=0 H{a+i1
µ11···µ
1
n1
a
+i1
ν11 ···ν
1
m1
···a
+ik
µk
1
···µknk
a
+ik
νk
1
···νkmk
|0〉|ip=1,···,N ; mp,np=0,1,···,∞}
. (161)
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With a change of the basis, (161) becomes the Fock space of the higher spin gravity in AdS4.
Since the gauge condition is intrinsically followed, the states are all physical with no extra
gauge degrees of freedom. In N=4 SYM theory, except for the trace, the SU(N) invariant
operators can also be constructed as the determinant [19, 20], which are dual to the giant
gravitons (spherical branes) extending in AdS5 or S
5 [21, 22, 23]. However, in O(N) vector
model, the determinant operators are SO(N) other than O(N) invariant, thus do not exist
in the O(N) invariant spectrum.
6 Bulk operator from CFT revisited
We have considered the CFT definition of the quantum higher spin gravity in AdS4. For
the generic AdS/CFT correspondence, the discussion is the same. Since the CFT and the
AdS theory share the same symmetry, one can compute the conserved charges in CFT,
which could be identified with the corresponding charges for the theory in AdS. With the
so(3, 2) generators given, in the radial quantization of the CFT, we will first find a set of
the primary operators {O(x)} with [Kµ, O(0)] = 0, [D,O(0)] = −i∆OO(0) as well as the
descendants Onl (0). {On1l1 (0) · · ·Onmlm (0) |0〉} gives the Fock space for the physical particles in
AdS theory. The inner products between the fock states encode the dynamical information.
Constructing O(0) as well as its derivatives at 0 requires to solve the CFT exactly, which is
not so straightforward in the interacting theory. Getting rid of these technical difficulties,
the philosophy is identical. CFT could offer the spectrum as well as the physical particle
states in AdS. A natural question is whether there is more AdS information, for example,
the bulk operators, which could be extracted from CFT. The problem has been intensively
discussed, see, for example, [24]-[36]. For higher spin situation, see [50, 51], in which the
bulk higher spin fields are constructed in terms of the bi-local fields in the O(N) CFT [52].
We will add more comment on the topic. The following discussion applies for the generic
CFT that is not necessarily free.
AdS4 could be taken as the hyperboloid in R
3,2
4∑
a,b=0
ηaby
ayb = y20 −
3∑
i=1
y2i + y
2
4 = 1, (162)
where ηab = diag(+, (−)3,+). In terms of the coordinate ya, the Killing vectors in AdS4 can
be written as
Lab = ya
∂
∂yb
− yb ∂
∂ya
. (163)
The field theory in AdS4 has the SO(3, 2) generatorsMab, which, when acting on the operator
Φθ,s(y), gives
[Mab,Φθ,s(y)] = (−iLab + Σab)Φθ,s(y). (164)
Φθ,s(y) is the operator with the spin s. The meaning of θ will be explained later. Note
that Mab is coordinate dependent: under the SO(3, 2) transformation, both Mab and y will
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change. In the given coordinate system, consider a special point o = (1, 0, 0, 0, 0), i = 1, 2, 3,
[M0i,Φθ,s(o)] = −i ∂
∂yi
Φθ,s(o),
[M04,Φθ,s(o)] = −i ∂
∂y4
Φθ,s(o),
[Mij ,Φθ,s(o)] = [Mi4,Φθ,s(o)] = 0, (165)
where we have assumed Φθ,s(o) only carries the spin indices in (1, 2, 3) space. Σij transforms
different components of Φθ,s(o) into each other thus do not bring the substantial changes
to the operator, so we simply let [Mij ,Φθ,s(o)] = 0. Φθ,s(o) commutes with the subalgebra
so(3, 1) generated by {Mij,Mi4}. The action of SO(3, 2) in AdS4 is transitive, so ∀ Φθ,s(y),
∃ g(y) ∈ SO(3, 2), Φθ,s(y) = g(y)Φθ,s(o)g(y)−1, (165) still holds with Φθ,s(o) and Mab re-
placed by Φθ,s(y) and g(y)Mabg(y)
−1.
SO(3, 2)/SO(3, 1) ∼= AdS4. (166)
Starting from Φθ,s(o) and Mab,
{Φθ,s(y)|y ∈ AdS4} = {gΦθ,s(o)g−1|g ∈ SO(3, 2)} (167)
gives the whole set of Φθ,s(y) in AdS4. The EAdS4 is the hyperboloid in R
4,1, for which, one
can just replace y0 by iy0 in the above discussion.
The boundary of AdS4 could be characterized by
∑3
i=1 y
2
i = R
2 =∞, y20 + y24 = R2 + 1,
which has the topology of S1 × S2. Consider a point b ∈ ∂AdS4, b = (
√
R2 + 1, R, 0, 0, 0).
Let α, β = 2, 3, 4,
[M0α,Φθ,s(b)] = −i
√
R2 + 1
∂
∂yα
Φθ,s(b),
[M1α,Φθ,s(b)] = iR
∂
∂yα
Φθ,s(b),
[M01,Φθ,s(b)] = −i(
√
R2 + 1
∂
∂y1
+R
∂
∂y0
)Φθ,s(b),
[Mαβ ,Φθ,s(b)] = 0, (168)
then for R =∞,
Kα = M0α +M1α, Pα =M0α −M1α, (169)
[Kα,Φθ,s(b)] = 0, [Pα,Φθ,s(b)] = −2iR ∂
∂yα
Φθ,s(b), [M01,Φθ,s(b)] = −iR( ∂
∂y0
+
∂
∂y1
)Φθ,s(b).
(170)
Φθ,s(b) commutes with the subalgebra a[G3,1] generated by {Kα,Mαβ}, which, however, is
not isomorphic to so(3, 1).
Φθ,s(b) and Φθ,s(o), {Kα,Mαβ} and {Mij ,Mi0} may be related by an infinite SO(3, 2)
transformation g(∞). The finite SO(3, 2) transformation will map ∂AdS4 to ∂AdS4. Espe-
cially, the finite rotation generated by M01 will leave b invariant, so [M01,Φθ,s(b)] = θΦθ,s(b),
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eiM01ρΦθ,s(b)e
−iM01ρ = eiθρΦθ,s(b) only brings a change of the phase, which gives the origin of
θ. As a result,
{gΦθ,s(b)g−1|g ∈ SO(3, 2)} = {ei(Pαuα+M01ρ)Φθ,s(b)e−i(Pαuα+M01ρ)}
= {eiPαxαΦθ,s(b)e−iPαxα|x ∈ ∂AdS4} = {Φθ,s(x)|x ∈ ∂AdS4}, (171)
where we have used ei(Pαu
α+M01ρ) = eiPαu
α(1+ρ/2)eiM01ρ. Since
Φθ,s(x) = e
iPαxαΦθ,s(b)e
−iPαxα , (172)
[Pα,Φθ,s(x)] = −i∂αΦθ,s(x). Moreover, from the so(3, 2) algebra and the relation
[Kα,Φθ,s(b)] = [Mαβ ,Φθ,s(b)] = 0, [M01,Φθ,s(b)] = θΦθ,s(b), (173)
one can further get
[M01,Φθ,s(x)] = (θ + x
α∂α)Φθ,s(x),
[Kα,Φθ,s(x)] = i[2xαθ − x2∂α + 2xαxβ∂β ]Φθ,s(x),
[Mαβ ,Φθ,s(x)] = −i(xα∂β − xβ∂α)Φθ,s(x), (174)
which is the conformal transformation law for the primary operators in CFT. The transfor-
mation in (174) is different from (163) because we use the coordinate xα other than ya at
the boundary. The boundary is in the (234) space with the signature (−,−,+). y4 is the
time direction.
(z, xα) = (
1
y0 + y1
,
yα
y0 + y1
) (175)
parametrize AdS4. When z = 1/(
√
R2 + 1 +R)→ 0, (0, xα) gives the boundary.
Instead of M0α and M1α, let us consider M0i and M4i. Pi = M0i + iM4i and Ki =
−M0i + iM4i form the graded algebra with [M04, Pi] = −Pi and [M04, Ki] = Ki.
[M4i,Φθ,s(y)] = −i(y4 ∂
∂yi
− yi ∂
∂y4
)Φθ,s(y), [M0i,Φθ,s(y)] = −i(y0 ∂
∂yi
− yi ∂
∂y0
)Φθ,s(y).
(176)
Looking for Φθ,s(b
′) with [Ki,Φθ,s(b
′)] = 0, we find that Φθ,s(b
′) must be the operator living
at b′ = (iR, 0, 0, 0, R) = limR→∞(iR, 0, 0, 0,
√
R2 + 1). We are actually talking about EAdS4
in R4,1 using the R3,2 language.
[Pi,Φθ,s(b
′)] = 2R
∂
∂yi
Φθ,s(b
′), [M04,Φθ,s(b
′)] = θΦθ,s(b
′). (177)
eiM04ρ will leave b′ fixed thus can only bring a phase to Φθ,s(b
′). Φθ,s(b
′) commutes with the
subalgebra generated by {Mij , Ki}. At ∂EAdS4, Φθ,s(x) = eiPixiΦθ,s(b′)e−iPixi although Pi
is not the unitary operator now. Wick-rotating y0, the embedding of EAdS4 is
4∑
a,b=0
ηaby
ayb = −y20 −
3∑
i=1
y2i + y
2
4 = 1. (178)
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EAdS4 is parametrized by
(z, xi) = (
1
y0 + y4
,
yi
y0 + y4
). (179)
z = 1/(
√
R2 + 1 + R) → 0 gives the boundary (0, xi), which is in the (123) space with
the signature (−,−,−). M04 is the global time generator in EAdS4. According to (169),
M04 = (P4 +K4)/2.
From a given bulk operator Φθ,s(o) with o ∈ int(AdS4), (167) gives the whole set of
operators in AdS. Unfortunately, with the boundary operator Φθ,s(b) given, its bulk extension
is not unique. The finite SO(3, 2) transformation can only send the boundary operators to
the boundary.
Φθ,s(x) = e
iPαxαΦθ,s(b)e
−iPαxα
= Φθ,s(b) + ixα1 [P
α1,Φθ,s(b)]− 1
2
xα1xα2 [P
α1, [P α2,Φθ,s(b)]] + · · ·
= Aθ,s + ixα1A
α1
θ,s −
1
2
xα1xα2A
α1α2
θ,s + · · · . (180)
{Aθ,s, Aα1θ,s, Aα1α2θ,s · · ·} forms an irreducible representation of so(3, 2) with Aθ,s the lowest
energy operator, i.e. [Kµ, Aθ,s] = 0, [D,Aθ,s] = −iθAθ,s. From (173), we have4
[C2,Φθ,s(b)] ≡ 1
2
[Mab, [Mab,Φθ,s(b)]] = [θ(θ − 3) + s(s+ 1)]Φθ,s(b), (181)
[g, C2] = 0, ∀g ∈ SO(3, 2), so
[C2, A
α1···αk
θ,s ] = [θ(θ − 3) + s(s+ 1)]Aα1···αkθ,s . (182)
As one possible bulk extension, we take
Φfθ,s(y) =
∑
k
ϕα1···αk(y)A
α1···αk
θ,s . (183)
Requiring
[Mab,Φ
f
θ,s(y)] =
∑
k
ϕα1···αk(y)[Mab, A
α1···αk
θ,s ]
= −i
∑
k
Labϕα1···αk(y)A
α1···αk
θ,s = −iLabΦfθ,s(y) (184)
will fix Φfθ,s(y). The boundary Φ
f
θ,s(y) is not arbitrary but should also satisfy the constraints
(184), which, at ∂AdS4, reduces to (174). Φ
f
θ,s(y) −→ Φθ,s(x) at ∂AdS4. Due to (183),
[C2,Φ
f
θ,s(y)] = [λ(λ− 3) + s(s+ 1)]Φfθ,s(y) =
1
2
LabL
abΦfθ,s(y) = Φ
f
θ,s(y). (185)
4[Mαβ ,Φθ,s(b)] = 0 is replaced by the more accurate [Mαβ ,Φθ,s(b)] = ΣαβΦθ,s(b).
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 is the invariant d’Alambertian in AdS4. Φ
f
θ,s(y) satisfies the free field equation. Just as
(167), we also have
{Φfθ,s(y)|y ∈ AdS4} = {gΦfθ,s(o)g−1|g ∈ SO(3, 2)} (186)
for some bulk Φfθ,s(o). So for any local operator Φθ,s(y) in AdS, from the boundary Φθ,s(x),
one can always find a consistent bulk extension Φfθ,s(y) by solving the free field equation.
Φfθ,s(y) and Φθ,s(y) are identical at the boundary but are different in the bulk.
In fact, let Φ(y) be the arbitrary local operator in AdS4, which can always be written as
{Φ(y)|y ∈ AdS4} = {gΦ(o)g−1|g ∈ SO(3, 2)}. (187)
Then if [C2,Φ(o)] = m
2Φ(o), since [g, C2] = 0, there will be
[C2,Φ(y)] = m
2Φ(y) = Φ(y). (188)
Φ(y) satisfies the free field equation with the mass m. For Φfθ,s(y), [C2,Φ
f
θ,s(o)] = [λ(λ −
3) + s(s + 1)]Φfθ,s(o); for the generic Φθ,s(y), we do not have the bulk Φθ,s(o) which is the
eigenstate of C2.
For the theory in AdS, we are interested in the Heisenberg operators Ψθ,s(x, ρ) for fun-
damental fields of the theory. At ∂AdS4, Ψθ,s(x, ρ) reduces to Ψθ,s(x) with the SO(3, 2)
transformation law given by (174). One can get Ψfθ,s(x, ρ) from the boundary Ψθ,s(x), but
obviously, Ψθ,s(x, ρ) does not satisfy the free field equation unless the theory is free. Except
for Ψθ,s(x, ρ), another set of operators of interest are Φ
+
λ,s(x, ρ), which are operators creating
the physical particles of the type (λ, s) in AdS.
Consider the QFT in AdS. Based on the nonperturbative analysis, it has a unique vacuum
|Ω〉, the operators H , Pµ, Kν , and Mµν generating the SO(3, 2) transformation, the discrete
single particle states |ω, j;λ, s〉 as well as the multi-particle states |Ω, J ; Λ, S〉, which are
eigenstates of H and Mµν
5. |ω, j;λ, s〉/|Ω, J ; Λ, S〉 are states for physical particles whose
masses taking the measured values.
1 = |Ω〉 〈Ω|+
∑
ω,j,λ,s
|ω, j;λ, s〉 〈ω, j;λ, s|+
∑
Ω,J,Λ,S
|Ω, J ; Λ, S〉 〈Ω, J ; Λ, S| . (189)
Under the SO(3, 2) transformation, the Hilbert space is decomposed into the direct sum of
the irreducible representations characterized by (λ, s)/(Λ, S). In each representation, there
is a lowest energy state |λ, s;λ, s〉/|Λ, S; Λ, S〉 with Kµ |λ, s;λ, s〉 = 0/Kµ |Λ, S; Λ, S〉 = 0.
It is possible to construct the creation operator a+ω,j;λ,s with a
+
ω,j;λ,s |Ω〉 = |ω, j;λ, s〉,
aω,j;λ,s |Ω〉 = 0. Operators creating the physical particles in AdS should take the form of
Φ+λ,s(x, ρ) =
∑
ω,j
ϕω,j;λ,s(x, ρ)a
+
ω,j;λ,s. (190)
5Different from the previous notation, here, ω/Ω and j/J are total energy and the total angular momen-
tum.
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Again, [Mab,Φ
+
λ,s(x, ρ)] = −iLabΦ+λ,s(x, ρ) will fix Φ+λ,s(x, ρ).
[C2, a
+
ω,j;λ,s] = [λ(λ− 3) + s(s+ 1)]a+ω,j;λ,s, (191)
so
[C2,Φ
+
λ,s(x, ρ)] = Φ
+
λ,s(x, ρ) = [λ(λ− 3) + s(s+ 1)]Φ+λ,s(x, ρ). (192)
Φ+λ,s(x, ρ) satisfies the free field equation in AdS, which is entirely due to the symmetry.
For interacting QFT in Minkowski spacetime, local operators creating the physical particle
with mass m should also satisfy the free field equation with mass m. Φ+λ,s(x, ρ) is a totally
symmetric traceless tensor in AdS4. The redundant degrees of freedom must be removed.
For massless particles, one can impose the “Coulomb gauge” at ρ = pi/2 and then solve the
whole Φ+λ,s(x, ρ) from the equation of motion.
|x, ρ〉λ,s = Φ+λ,s(x, ρ) |Ω〉 is the state for a spin s particle at (x, ρ) with the physical mass
[λ(λ−3)+s(s+1)]1/2, which does not need to be the bare mass in Lagrangian. Φ+λ,s(x, ρ) |Ω〉
should be distinguished from Ψθ,s(x, ρ) |Ω〉.
Ψθ,s(x, ρ) |Ω〉 = |Ω〉 〈Ω|Ψθ,s(x, ρ) |Ω〉+
∑
ω,j,λ,s
|ω, j;λ, s〉 〈ω, j;λ, s|Ψθ,s(x, ρ) |Ω〉
+
∑
Ω,J,Λ,S
|Ω, J ; Λ, S〉 〈Ω, J ; Λ, S|Ψθ,s(x, ρ) |Ω〉 . (193)
Ψθ,s(x, ρ) satisfies the nonlinear equation. As a result, except for the single particle states in
(λ, s) representation, the rest states in (189) may also contribute. Usually, Φ+λ,s(x, ρ) |Ω〉 6=
Ψθ,s(x, ρ) |Ω〉.
One can also construct the multi-particle states a+ω1,j1;λ1,s1 · · · a+ωk,jk;λk,sk |Ω〉 and com-
pute the inner products between them. If the commutation relation for a+ and a is just
[aω,j;λ,s, a
+
ω′,j′;λ′,s′] = iδω,ω′δj,j′δλ,λ′δs,s′, multi-particle states reduce to the products of the sin-
gle particle states with the trivial inner products. This is not the case. a+ω,j;λ,s and aω,j;λ,s,
as the operators creating and annihilating the physical particles, are complicated composite
operators of the bare fields and thus will have the nontrivial commutator. As a result, for
spacelike separations,
[Ψθ,s(x, ρ),Ψθ,s(x
′, ρ′)] = 0 (194)
but
[Φλ,s(x, ρ),Φλ,s(x
′, ρ′)] 6= 0 (195)
unless the theory is free. Φλ,s(x, ρ) = Φ
−
λ,s(x, ρ) + Φ
+
λ,s(x, ρ). In position space,
〈Ω|Φ−λ′,s′(x′, ρ′)Φ+λ,s(x, ρ) |Ω〉 = δλ,λ′δs,s′∆(x′, ρ′; x, ρ) (196)
gives the transition amplitude for a physical particle (λ, s) at (x, ρ) to jump to the physical
particle (λ′, s′) at (x′, ρ′), which is the same as the free field calculation.
〈Ω|Φ−λ′1,s′1(x
′
1, ρ
′
1) · · ·Φ−λ′m,s′m(x
′
m, ρ
′
m)Φ
+
λ1,s1
(x1, ρ1) · · ·Φ+λn,sn(xn, ρn) |Ω〉 (197)
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is the transition amplitude for n physical particles (λ1, s1), · · ·, (λn, sn) living at (x1, ρ1), · · ·,
(xn, ρn), to jump tom physical particles (λ
′
1, s
′
1), · · ·, (λ′m, s′m) living at (x′1, ρ′1), · · ·, (x′m, ρ′m).
We may assume t1 = · · · = tn, t′1 = · · · = t′m so that (197) gives the time transition. (197) is
not equal to the free theory value anymore. Multi-particles will interact with each other.
Back to CFT, the conformal symmetry is generated by {D,Kµ, Pµ,Mµν}. There is a
complete set of primary operators {O} with [Kµ, O(0)] = 0. The operators can be further
rearranged into the common eigenstates of D and MµνM
µν/2, i.e., [D,Oλ,s] = −iλOλ,s,
[MµνM
µν/2, Oλ,s] = s(s+1)Oλ,s, where Oλ,s can also be the linear combination of the single
and multi-trace operators. We are interested in the operators with the definite conformal
dimension, because only these operators could be taken as the boundary limit of the bulk
operators in AdS.
For the boundary of AdS4, we have discussed two situations, the Minkowski (234) space
and the Euclidean (123) space. First, let us consider the single trace primary operator
Oλ,s(x) in Minkowski CFT. The conformal transformation law for Oλ,s(x) is the same as
the SO(3, 2) transformation law of Φθ,s(x) at ∂AdS with λ = θ, so if {D,Kµ, Pµ,Mµν} is
identified as the so(3, 2) generators in AdS, Oλ,s(x) could be taken as the boundary limit
of some AdS operators. Φλ,s(x) = Oλ,s(x), where x is in (234) space as is parameterized in
(175). It is possible to find a free theory bulk extension Ofλ,s(x, ρ) by solving the free field
equation
Ofλ,s(x, ρ) = [λ(λ− 3) + s(s+ 1)]Ofλ,s(x, ρ). (198)
However, from the given boundary operator, the bulk extension is not unique. We are
interested in Ψθ,s(x, ρ). Even if Oλ,s(x) could be taken as the boundary limit of Ψθ,s(x, ρ),
there is no clue to find the bulk extension which is of course not Ofλ,s(x, ρ). In principle, as
long as one bulk Ψθ,s(o) get the CFT realization, (167) will give the whole set of Ψθ,s(x, ρ)
in AdS, since the so(3, 2) generators are constructed. Again, we do not know how to write
Ψθ,s(o) in CFT.
Now, let us turn to EAdS4 whose boundary is given by (179). It is the Euclidean CFT
that should be put on the boundary. 0 ≡ limR→∞(iR, 0, 0, 0,
√
R2 + 1). O+λ,s(0), the analytic
part of Oλ,s(0), or in the language of the radial quantization of the Minkowski CFT, the
positive frequency part, can be identified as a+λ,s;λ,s. The descendants of O
+
λ,s(0) then gives
a+ω,j;λ,s.
O+λ,s(x) = e
iPµxµO+λ,s(0)e
−iPµxµ = eiPµx
µ
a+λ,s;λ,se
−iPµxµ (199)
are boundary operators. The bulk extension O+λ,s(x, ρ) can be obtained by solving the
free field equation. O+λ,s(x, ρ) are the operators creating physical particles in the bulk.
O+λ,s(x, ρ) = Φ
+
λ,s(x, ρ). The CFT construction could offer Φ
+
λ,s(x, ρ). As we have seen before,
for massless particles, ∂O+λ,s(x) = 0, O
+
λ,s(x, ρ) obeys the “Coulomb gauge” at the boundary
and so the whole set of O+λ,s(x, ρ) in the bulk has no extra degrees of freedom.
Multi-particle states O+n1,l1;λ1,s1(0) · · ·O+nk,lk;λk,sk(0) |0〉 can also be constructed and are
supposed to produce the same inner products as that of a+ω1,j1;λ1,s1 · · · a+ωk,jk;λk,sk |Ω〉. As we
can check in 3d free CFT, the commutator [O+n,l;λ,s(0), O
−
n′,l′;λ′,s′(0)] is indeed nontrivial, for
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example,
[O+0,0;1,0(0), O
−
1,1;1,0(0)] = [
a+a+
N1/2
,
aµa
N1/2
] = − 2
N
a+aµ. (200)
It is only in N →∞ limit
[O+n,l;λ,s(0), O
−
n′,l′;λ′,s′(0)]→ δn,n′δl,l′δλ,λ′δs,s′. (201)
The CFT realization of (197) is
〈0|O−λ′1,s′1(x
′
1, ρ
′
1) · · ·O−λ′m,s′m(x
′
m, ρ
′
m)O
+
λ1,s1
(x1, ρ1) · · ·O+λn,sn(xn, ρn) |0〉 . (202)
Again, assuming t1 = · · · = tn and t′1 = · · · = t′m gives the time transition. As we can see
explicitly, O+λ,s are composite operators, and so the multi-particle transition amplitude is
nontrivial with the interaction playing a role.
It is commonly recognized that from CFT, the bulk operator Oλ,s(x, ρ) = O
+
λ,s(x, ρ) +
O−λ,s(x, ρ) can be built satisfying the free field equation. For spacelike (x, ρ) and (x
′, ρ′),
[Oλ,s(x, ρ), Oλ,s(x
′, ρ′)] = 0 when N = ∞, in which case, the locality can be preserved.
When N = ∞, the bulk theory is free, Oλ,s(x, ρ) can be identified as Ψλ,s(x, ρ), while for
the latter, the spacelike commuting condition is always imposed. However, the free theory is
not interesting, we still want to consider the finite N case, for which, Oλ,s(x, ρ) 6= Ψλ,s(x, ρ),
[Oλ,s(x, ρ), Oλ,s(x
′, ρ′)] 6= 0. In [37, 33, 38], it was proposed that the multi-trace operators
can be added to Oλ,s(x, ρ) so that the spacelike commuting condition is obeyed also for finite
N , making the final operator a candidate of Ψλ,s(x, ρ). It is good to get the CFT realization
of Ψλ,s(x, ρ). However, O
+
λ,s(x, ρ) and O
−
λ,s(x, ρ) also have their own physical significance:
they are the operators creating and annihilating physical particles thus are directly related
with the measurement. Since [O−λ,s(x, ρ), O
−
λ,s(x
′, ρ′)] = [O+λ,s(x, ρ), O
+
λ,s(x
′, ρ′)] = 0, from
O−λ,s(x, ρ) one can also define the coherent states:
O−λ,s(x, ρ) |α〉 = fαλ,s(x, ρ) |α〉 . (203)
[ − λ(λ − 3)− s(s + 1)]O−λ,s = 0, so [ − λ(λ − 3)− s(s + 1)]fαλ,s(x, ρ) = 0, fαλ,s(x, ρ) also
satisfies the free field equation. In most cases, the masses in Lagrangian are very different
from the physical masses. Consider a scalar field with the bare mass mb and the physical
mass mp. The observed classical scalar field always has the physical mass mp in the classical
field equation, so it is necessary to construct the physical operators like O+λ,s(x, ρ) to relate
the underlying theory to the observation.
In some sense, the CFT definition of the quantum gravity is in the S-matrix formalism,
although there is no S-matrix here. The spectrum, states and their inner products can all
be constructed, but the dynamics of the fundamental quantum fields giving rise to these
excitations is obscure. Equivalent to building Ψλ,s(x, ρ), one can instead try to find
|fλ,s〉 = fΩ |Ω〉 +
∑
ω,j,λ,s
fω,j,λ,s |ω, j;λ, s〉+
∑
Ω,J,Λ,S
fΩ,J,Λ,S |Ω, J ; Λ, S〉 , (204)
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where |fλ,s〉 are eigenstates of the field operators Ψλ,s(x, ρ) with
Ψλ,s(x, ρ) |fλ,s〉 = fλ,s(x, ρ) |fλ,s〉 (205)
at t = t0. Since H is known in CFT,
〈
f ′λ′,s′|eiH(t−t0)|fλ,s
〉
gives the transition amplitude.
(204) is just a change of the basis from the energy eigenstates to the field value eigenstates.
The coefficients in (204) can be easily determined only in the free AdS theory.
For higher spin gravity, it is possible to explicitly write the bulk operators creating
physical particles from the CFT dual. Let us consider the simplest situation for O+1,0. For
o = (1, 0, 0, 0, 0),
[Mµν , O
+
1,0(o)] = [Mµ4, O
+
1,0(o)] = [Kµ − Pµ, O+1,0(o)] = 0. (206)
{M04,M0µ} ⊂ K1,0(o) generates the tangent space along AdS4. From (206), O+1,0(o) is solved
as
O+1,0(o) =
∑ m!
2(2m+ 1)!!
a+i1···ima
+
i1···im
. (207)
O+1,0(o) has several interesting properties.
1
2
[O−1,0(o), O
+
1,0(o)] = Nˆ =
∑ m!
2(2m+ 1)!!
a+i1···imai1···im + const. (208)
Let a+ and a collectively represent a+i1···il and aj1···jl′ respectively,
[Nˆ, (a+)man] =
1
2
(m− n)(a+)man, (209)
(Nˆ − const)(a+a+)n |0〉 = n(a+a+)n |0〉 , (210)
so Nˆ is the particle number operator. Since [Mab, Nˆ ] = 0, we actually have
1
2
[O−1,0(y), O
+
1,0(y)] = Nˆ (211)
∀ y ∈ AdS4. Moreover,
1
2
[O−1,0(o), [H,O
+
1,0(o)]] = H, (212)
1
2
[O−1,0(o), [Pµ +Kµ, O
+
1,0(o)]] = Pµ +Kµ, (213)
or
1
2
[O−1,0(o), [M0a, O
+
1,0(o)]] =M0a = −
i
2
[O−1,0(o), DaO
+
1,0(o)]. (214)
∀ y ∈ AdS4,
1
2
[O−1,0(y), [M0a(y), O
+
1,0(y)]] =M0a(y) = −
i
2
[O−1,0(y), DaO
+
1,0(y)]. (215)
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M0a(y) and M0a(o) =M0a are related by the SO(3, 2) transformation. Da = e
u
a(y)∂u. Based
on the state correspondence, there are local operators Φ+1,0(y) in AdS theory,
1
2
[Φ−1,0(y), [M0a(y),Φ
+
1,0(y)]] = M0a(y) = −
i
2
[Φ−1,0(y), DaΦ
+
1,0(y)], (216)
and especially,
1
2
[Φ−1,0(o), [H,Φ
+
1,0(o)]] = H = −
i
2
[Φ−1,0(o), ∂tΦ
+
1,0(o)]. (217)
Finally, since the Hamiltonian and the corresponding spectrum and states are in one-
to-one correspondence in AdS and CFT, the partition functions Z = Tre−βH should also
be equal in both sides [8, 53]. We have considered the CFT with the SO(3, 2) invariance.
One may add the suitable Noether coupling hi1···is(x)Oi1···is(x) into the Lagrangian so that
the SO(3, 2) symmetry is broken to R1. The CFT will have the modified Hamiltonian
H˜ , for which, one can also find the spectrum {ω} and states {|ω〉}. Then the question is
whether there is also a gauge dual for the modified CFT. When hi1···is = 0, the dual theory
is the higher spin gravity in AdS4. It is unlikely that the gauge/gravity correspondence
will suddenly cease just because hi1···is is a little away from 0. A natural guess is that the
dual theory is the higher spin gravity on a new background that is a perturbation of AdS4.
Let G(x, ρ) be the modified background fields, then for the gauge/gravity correspondence
to be valid, G(x, ρ) should be entirely induced from hi1···is(x), i.e. G = G(h). On CFT
side, with hi1···is(x) the coupling constants, RG flow will then give the entire G(x, ρ). On
AdS side, one may take hi1···is(x) as the boundary condition to get G(x, ρ) by solving the
equation of motion. The partition functions on both sides are still expected to be equal, so
ZCFT (h) = ZAdS(G) = ZAdS[G(h)]. In the generic case, the R
1 symmetry is also broken, and
so, there is no conserved H˜. Nevertheless, the correspondence is still valid with G = G(h)
and ZCFT (h) = ZAdS[G(h)].
We have seen that the SO(3, 2) transformation of the boundary AdS operators is the same
as the conformal transformation of the primary CFT operators with the definite conformal
dimension. With the AdS vacuum identified with the CFT vacuum, the boundary AdS
operator identified with the corresponding CFT operator, there will be
〈Ω|Φλ,s(x1)Φλ,s(x2) · · ·Φλ,s(xn) |Ω〉 = 〈0|Oλ,s(x1)Oλ,s(x2) · · ·Oλ,s(xn) |0〉 , (218)
where the left and the right hand side of (218) are correlation functions of the boundary
operators in AdS and the corresponding operators in CFT respectively. This is in agreement
with Witten’s prescription. Suppose Jλ,s(x) are sources at the AdS boundary and in CFT
coupling with Φλ,s(x) and Oλ,s(x), there will be
WAdS(Jλ,s) =WCFT (Jλ,s), (219)
where
eiWAdS(Jλ,s) =
∫
DΦλ,s(X) e
iSAdS [Φλ,s(X)]+i
∫
d3x Φλ,s(x)Jλ,s(x), (220)
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eiWCFT (Jλ,s) =
∫
Dφ(x) eiSCFT [φ(x)]+i
∫
d3x Oλ,s(x)Jλ,s(x). (221)
X is the coordinate in AdS, Φλ,s(X) and φ(x) represent fields in AdS theory and CFT
respectively. In (220), Jλ,s(x) acts as the source at the AdS boundary. Strictly speaking,
(220) is different from
eiWAdS(Jλ,s) =
∫
DΦλ,s(X) e
iSAdS [Φλ,s(X)]|Φλ,s(x)=Jλ,s(x), (222)
in which, the boundary field is fixed to be Jλ,s(x). After the Legendre transformation, (220)
becomes
WAdS(Jλ,s) = Γ[Φ
J
λ,s(X)] +
∫
d3x ΦJλ,s(x)Jλ,s(x), (223)
where
ΦJλ,s(X) =
δ
δJλ,s(X)
WAdS[Jλ,s(X)]|J¯λ,s(X) (224)
is the functional of Jλ,s(x). J¯λ,s(X) = Jλ,s(x)δ(X − x). Γ[ΦJλ,s(X)] is the effective action of
the AdS theory.
iΓ[ΦJλ,s(X)] =
∫
1PI,connected
DΦ˜λ,s(X) e
iSAdS [Φ
J
λ,s(X)+Φ˜λ,s(X)]. (225)
δΓ[Φλ,s]
δΦJ¯λ,s(X)
= −J¯λ,s(X). (226)
In the bulk, δΓ[Φλ,s]/δΦ
J
λ,s(X) = 0, so Φ
J
λ,s(X) is the on-shell solution of the effective action
generated by the boundary source Jλ,s(x). From (224), Φ
J
λ,s(X) can be solved as
ΦJλ,s(X) =
∫
d3x1∆(X, x1)Jλ,s(x1) +
1
2!
∫
d3x1d
3x2∆(X, x1, x2)Jλ,s(x1)Jλ,s(x2)
+
1
3!
∫
d3x1d
3x2d
3x3∆(X, x1, x2, x3)Jλ,s(x1)Jλ,s(x2)Jλ,s(x3) + · · · , (227)
where
∆(X, x1, · · · , xn) = lim
X1→x1,···,Xn→xn
∆(X,X1, · · · , Xn). (228)
∆(X1, · · · , Xn) = δ
nWAdS[Jλ,s(X)]
δJλ,s(X1) · · · δJλ,s(Xn) |AdS (229)
is the connected n-point Green’s function of the theory on AdS background. In the simplest
situation, if
SAdS[Φ1,0(X)] =
∫
dX
√
g(
1
2
gµν∂µΦ1,0∂νΦ1,0 +
1
2
m2Φ21,0), (230)
Γ[Φ1,0(X)] = −
∫
dX
√
gΦ1,0gΦ1,0, (231)
ΦJ1,0(X) =
∫
d3x ∆0(X, x)J1,0(x). (232)
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WAdS[J1,0(x)] = Γ[Φ
J
1,0(X)] +
∫
d3x ΦJ1,0(x)J1,0(x) = SAdS[Φ
J
1,0(X)]
=
∫
d3x1d
3x2 ∆0(x1, x2)J1,0(x1)J1,0(x2), (233)
which is in agreement with the standard calculation. ∆0(X, x) also makes Φ
J
1,0(X)→ J1,0(x)
at the boundary. With the interpretation (222), (233) is a classical approximation, but with
the interpretation (220), (233) is exact.
To conclude, the state correspondence indicates that
WCFT [Jλ,s(x)] = Γ[Φ
J
λ,s(X)] +
∫
d3x ΦJλ,s(x)Jλ,s(x) (234)
with ΦJλ,s(X) solved via (227). Φ
J
λ,s(X) is the on-shell solution of the effective action Γ
generated by the source Jλ,s(x) at the boundary. When Jλ,s(x) = 0, we have
WCFT (0) = WAdS(0) = Γ(0). (235)
The free energy of CFT is equal to the free energy of the AdS theory as well as the effective
action of the AdS background. In this sense, CFT with Jλ,s = 0 is quite special. If CFT
with the generic Jλ,s(x) stands on equal footing, for each Jλ,s(x), we need to find background
HJ so that
eiWAdS(Jλ,s) =
∫
DΦλ,s(X)e
iSHJ [Φλ,s(X)], (236)
where SHJ is the classical action of the bulk theory on background HJ(X), which in general
cannot be taken as the perturbation of AdS. There will be
WCFT [Jλ,s(x)] =WHJ (0) = ΓHJ (0). (237)
Just as the AdS case, for bulk theory on HJ(X), the boundary correlation function can be
identified with the correlation function of the CFT on 3d background Jλ,s(x).
Now we have two kinds of the bulk fields ΦJλ,s(X) and HJ(X), both are determined by
Jλ,s(x). The two are closely related. Especially, for the boundary 1-point function,
ΦJλ,s(x) =
∫
DΦ˜λ,s(X)Φ˜λ,s(x)e
iSAdS [−Φ
J
λ,s(X)+Φ˜λ,s(X)] =
δ
δJλ,s(x)
WCFT (Jλ,s)|Jλ,s(x). (238)
However, generically, SHJ [Φ˜λ,s(X)] 6= SAdS[−ΦJλ,s(X) + Φ˜λ,s(X)], since the former cannot be
obtained by the simple perturbation. It is also desirable to get the bulk field from CFT
with Jλ,s(x). One recipe is the RG flow. It is also hoped that there is a way to rewrite the
partition function of the CFT so that WCFT [Jλ,s(x)] = WCFT [fJ(X)], where fJ(X) is a 5d
function induced from Jλ,s(x), which may be HJ(X) or Φ
J
λ,s(X).
33
7 Conclusion
We have discussed the radial quantization of the 3d free O(N) vector model, which is sup-
posed to be dual to the higher spin gravity in AdS4. Higher spin charges get the oscillator
realization in CFT. We only calculated two special classes of charges P sµ1···µn and K
s
µ1···µn
explicitly, but it is straightforward to get the whole set of conserved charges composing the
higher spin algebra. The discussion can be directly extended to the D dimensional CFT.
The non-pertubative quantum higher spin gravity in AdS4 should have a set of the basis
composed by the physical single particle states |n, l;λ, s〉 as well as the multi-particle states.
In CFT, the fock states of the higher spin gravity are realized as
|n, l; s+ 1, s〉 = Onµ1···µl; i1···is(0) |0〉 (239)
and
|n1, l1; s1 + 1, s1 : · · · : nm, lm; sm + 1, sm〉 = On1µ11···µ1l1 ; i11···i1s1 (0) · · ·O
nm
µm1 ···µ
m
lm
; im1 ···i
m
sm
(0) |0〉 .
(240)
It is easy to prove that the 1-particle Hilbert space of the higher spin gravity in AdS forms
the irreducible representation of the higher spin algebra. The conclusion holds for the D
dimensional CFT and AdSD+1. The CFT realization of the fock states automatically carries
the right degrees of freedom with no redundancy to remove. As a result, there is no local
higher spin symmetry left. We can compute the inner products between the fock states, which
are supposed to carry the whole dynamical information of the theory and are expected to
be reproduced once the higher spin gravity is quantized.
The vector model/higher spin gravity duality gives the simplest example of the CFT
definition of the quantum gravity. For the generic AdS/CFT correspondence, the difficulty
lies in the explicit CFT construction of Onµ1···µl; i1···is(0) but the spirit remains the same.
Except for the spectrums and the corresponding states, one may also want to get the CFT
realization of Ψ(x, ρ), the Heisenberg operators for the fundamental fields of the AdS theory.
This is possible as long as one bulk Ψ(o) gets the CFT realization. However, it is not obvious
which operator in CFT should be identified as Ψ(o). The operators at hand are the primary
operators with the definite conformal dimensions that could be taken as the boundary limit
of some AdS operators. With the boundary values given, the bulk extension is not unique.
One can always find a consistent bulk extension by solving the free field equation, but Ψ(x, ρ)
satisfies the free field equation only in free theory limit. Except for Ψ(x, ρ), the other set
of operators of interest is Φ+(x, ρ), the creation operators for physical particles in AdS.
Φ+(x, ρ) satisfies the free field equation and could be explicitly constructed in CFT. In a
non-perturbative treatment of the quantum higher spin gravity in AdS, we will still try to
find Φ+(x, ρ) at the end, because it is Φ+(x, ρ) that is directly related to the observation.
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A The calculation of D and P µ
D = i
∫
S2
dΩ nµnνT
µν(1, θ, ϕ), (241)
nµnνT
µν =
3
4
nµ∂
µφnν∂
νφ− 1
4
∂αφ∂αφ− 1
8
(φnµnν∂
µ∂νφ+ nµnν∂
µ∂νφφ). (242)
The direct calculation gives∫
S2
dΩ nµ∂µφ(1, θ, ϕ)n
ν∂νφ(1, θ, ϕ)
=
∑ Nj1···jl; i1···il
2l + 1
[l2a+j1···ila
+
i1···il
− l(l + 1)aj1···ila+i1···il
−l(l + 1)a+j1···ilai1···il + (l + 1)2aj1···ilai1···il], (243)∫
S2
dΩ ∂µφ(1, θ, ϕ)∂µφ(1, θ, ϕ) =
∑
Nj1···jl; i1···il[(l + 1)aj1···jlai1···il + la
+
j1···jl
a+i1···il], (244)
∫
S2
dΩ
1
2
[φ(1, θ, ϕ)nµnν∂ν∂µφ(1, θ, ϕ) + n
µnν∂ν∂µφ(1, θ, ϕ)φ(1, θ, ϕ)]
=
∑ Nj1···jl; i1···il
2l + 1
[(l + 1)(l + 2)aj1···jlai1···il + (l
2 + l + 1)a+j1···jlai1···il
+ (l2 + l + 1)aj1···jla
+
i1···il
+ l(l − 1)a+j1···jla+i1···il], (245)
where we have used∫
d2Ω Yj1···jlYi1···il′ =
4piδl,l′(−1)l(l!)2
(2l − 1)!!(2l + 1)!!∂j1 · · ·∂jl(r
2l+1∂i1 · · ·∂il
1
r
) = Nj1···jl; i1···il, (246)
Nµj1···jl; µi1···il =
l + 1
2l + 1
Nj1···jl; i1···il, (247)
nµYµi1···il =
l + 1
2l + 1
Yi1···il . (248)
With (243)-(245) plugged in, we get
D = −i
∑ Nj1···jl; i1···il
4
[(2l + 1)(a+j1···jlai1···il + aj1···jla
+
i1···il
)]
= −i
∑
l,m
1
4
[(2l + 1)(a+l,mal,m + al,ma
+
l,m)]
= −i
∑
l,m
(l +
1
2
)a+l,mal,m + const
= −i
∑
(l +
1
2
)Nj1···jl; i1···ila
+
j1···jl
ai1···il + const. (249)
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P µ = i
∫
S2
dΩ nνT
µν(1, θ, ϕ), (250)
nµT
µν =
3
8
(nµ∂
µφ∂νφ+ ∂νφnµ∂
µφ)− 1
4
nν∂αφ∂αφ− 1
8
(φnµ∂
µ∂νφ+ nµ∂
µ∂νφφ). (251)
∫
S2
dΩ nµ∂µφ∂νφ+ ∂νφn
µ∂µφ
=
∑
(
√
2l + 1√
2l′ + 1
){−[a+j1···jl′ l′ − aj1···jl′ (l′ + 1)](ai1i2···il + a+i1i2···il)Yj1···jl′Yνi1···il
+ [a+j1···jl′ l
′ − aj1···jl′ (l′ + 1)]a+i1···ilnνYj1···jl′Yi1···il}
+
∑
(
√
2l′ + 1√
2l + 1
){−(aj1···jl′ + a+j1···jl′ )[a
+
i1···il
l − ai1···il(l + 1)]Yνj1···jl′Yi1···il (252)
+ a+j1···jl′ [a
+
i1···il
l − ai1···il(l + 1)]nνYj1···jl′Yi1···il}.
∫
S2
dΩ nν∂
µφ(1, θ, ϕ)∂µφ(1, θ, ϕ)
=
∑∑ √
(2l + 1)(2l′ + 1)[(aj1···jl′ + a
+
j1···jl′
)(ai1···il + a
+
i1···il
)]Yµj1···jl′Yµi1···ilnν
−{a+j1···jl′ (ai1···il + a
+
i1···il
)
(l + 1)
√
2l′ + 1√
2l + 1
+(aj1···jl′ + a
+
j1···jl′
)a+i1···il
(l′ + 1)
√
2l + 1√
2l′ + 1
−
√
(2l + 1)(2l′ + 1)a+j1···jl′a
+
i1···il
} nνYj1···jl′Yi1···il. (253)
∫
S2
dΩ φ(1, θ, ϕ)nµ∂ν∂µφ(1, θ, ϕ) + n
µ∂ν∂µφ(1, θ, ϕ)φ(1, θ, ϕ)
=
∑∑ √ 2l + 1
2l′ + 1
{(aj1···jl′ + a+j1···jl′ )[(l + 2)ai1···il − (l − 1)a
+
i1···il
]Yj1···jl′Yνi1···il}
+
∑∑
(l − 1)
√
2l + 1
2l′ + 1
[(aj1···jl′ + a
+
j1···jl′
)a+i1···ilnνYj1···jl′Yi1···il]
+
∑∑ √2l′ + 1
2l + 1
{[(l′ + 2)aj1···jl′ − (l′ − 1)a+j1···jl′ ](ai1···il + a
+
i1···il
)Yνj1···jl′Yi1···il}
+
∑∑
(l′ − 1)
√
2l′ + 1
2l + 1
[a+j1···jl′ (ai1···il + a
+
i1···il
)nνYj1···jl′Yi1···il]. (254)
Note that ∫
S2
dΩ nνYj1···jl′Yi1···il = 0, (255)∫
S2
dΩ nνYµj1···jl′Yµi1···il = 0, (256)
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unless l − l′ = ±1. Without loss of generality, we can let l′ = l + 1, Pν becomes
Pν = − i
4
∫
S2
dΩ
∑ √
(2l + 1)(2l + 3) nνYj1···jl+1Yi1···il [−
4(l + 2)
2l + 3
a+j1···jl+1a
+
i1···il
+
2l + 1
2l + 3
aj1···jl+1a
+
i1···il
+ a+j1···jl+1ai1···il ]
+
√
2l + 1
2l + 3
Yj1···jl+1Yνi1···il [2(l + 2)(a
+
j1···jl+1
a+i1···il − aj1···jl+1ai1···il)
+ (4l + 5)(a+j1···jl+1ai1···il − aj1···jl+1a+i1···il)]
+ 2
√
(2l + 1)(2l + 3)nνYµj1···jl+1Yµi1···il(aj1···jl+1ai1···il + aj1···jl+1a
+
i1···il
+ a+j1···jl+1ai1···il + a
+
j1···jl+1
a+i1···il).
Moreover, since ∫
S2
dΩ nνYj1···jl+1Yi1···il =
∫
S2
dΩ Yj1···jl+1Yνi1···il, (257)∫
S2
dΩ nνYµj1···jl+1Yµi1···il =
l + 2
2l + 3
∫
S2
dΩ Yj1···jl+1Yνi1···il, (258)
(257) can be further simplified into
Pν = −i
∑ √
(2l + 1)(2l + 3)Nj1···jl+1; νi1···ila
+
j1···jl+1
ai1···il. (259)
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